INSTITUTE OF DEVELOPING ECONOMIES

. IDE Discussion Papers are preliminary materials circulated
to stimulate discussions and critical comments

IDE DISCUSSION PAPER No. 888

Competition between heterogenous
online and offline firms

Xiwei Zhu™ and Toshitaka Gokan "

March, 2023

Abstract

We propose a model with heterogenous online and offline firms in an industry. Online firms
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1 Introduction

Online sales have increased substantially due to the COVID-19 pandemic. According
to East (2022), online grocery orders will decrease and then continue to grow. Online
sales are becoming an increasingly important feature of our economy. The purpose of
this paper is to examine the function of online technology under the competition between
heterogenous online and offline firms. We can recognize online technology in two ways.
First, online technology enables online firms to emerge. Thus, this is very basic technology
in the early stage of online sales, such as the Internet with minimum information traffic.
Second, online technology can improve online sales. This may be related to faster spread
of the Internet, easier access to wi-fi, better digital devices for more consumers and safer
mechanism for online sales. In this paper, we use online technology to address the first
case. However, we use transaction costs between consumers and firms to address the
second case. In other words, we can regard the case without online technology as that in
which transaction costs are prohibitibly high. Using the first view on online technology,
we compare the cases with and without online firms. We also examine the impact of
transaction costs compared with that of transport costs.

We develop our theoretical setting considering the following three important features of
online sales: (1) any online firms are accessible to all regions, (2) online sales depend on the
devices consumers use to order products, and (3) imperfect product quality information is
one characteristic of online sales. More precisely, the first feature means that online firms
can save additional fixed costs for entering other regions. In our setting, online firms can
sell products in a remote region without additional fixed costs, whereas offline firms need
to spend additional fixed costs to export their products. To address the second feature,
we introduce transaction costs between firms and consumers, which are separate from
transport costs. A popular assumption is that transport costs are negligible for trade
within a region. We assume that, unlike transport costs, transaction costs emerge from
the transactions within a region and between regions in the online market. In our setting,
transport costs for both online and offline firms are introduced; however, transaction costs
are only for online firms. The third feature is a characteristic of online sales that provides
a clear difference between online and offline firms. Rudolph (2016) found that at least
30% of all products ordered online are returned. This stems from imperfect information
in the online market. For simplicity, we assume that imperfect information on product
quality emerges only in online market, but not in offline market. Chen, Hu, and Li

(2017) examined the imperfect infromation of online sales under oligopolies for industrial



organization. As a basis, our paper uses Melitz (2003) under monopolistic competition
to easily address the first feature. Other characteristics of the online market, such as
search and matching are neglected. Better search and matching in the online market may
decrease transaction costs in home and remote markets compared with the offline market.
However, the monetary and opportunity costs for returning products are also required.
Thus, we introduce transaction costs.

To consider the above mentioned features, we develop a two-region model. We intro-
duce firm productivity and product quality to clarify the differences between online and
offline firms. For simplicity, we assume Pareto distributions for quality and productivity.
Following Johnson (2012), we assume that no relationship exists between production cost
and product quality. Furthermore, we assume that the level of an expected quality in
online market is shared in the economy. Transaction costs are iceberg costs as transport
costs. In our setting, all firms sending products to a remote region need transport costs as
Hortagsu, Martinez-Jerez and Douglas (2009) showed that distance is a deterrent to trade
in online sales. Although Lendle et al. (2016) empirically demonstrated that transport
costs in the online market are lower than those in the offline market, we assume that
transport costs are the same between online and offline firms. We further assume that
online firms and offline firms selling in home market share the same fixed costs, and ad-
ditional fixed costs for offline exporting firms are the same as those for the sales in home
market. We also assume that there is no production inputs mobile between regions.

Our model provides three main results. First, firms with very low productivity exit
the market, and firms with low quality and moderate productivity choose to be online
firms. In the remaining domain, firms with high quality and/or productivity choose to be
offline exporting firms. Second, the expected quality of online firms has a unique equi-
librium value if transaction costs are sufficiently low and transport costs are sufficiently
high. Third, the expected quality of online firms decreases with a decrease in transport
costs. The expected quality has the same relationship with transaction costs if trans-
action or transport costs are sufficiently high. Furthermore, numerical analysis provides
that online technology utilization improves welfare, and transaction and transport costs
provide opposite impacts on welfare and the ex-ante probability of the successful entry of
online firms.

The remainder of this paper is organized as follows. In Section 2, we construct a
model. In Section 3, we determine firm entry, exit and status. Section 4 characterizes
the equilibrium with and without online technology. Section 5 focuses on the symmetric

setting to examine the impacts of online technology, transport costs, and transaction



costs. Section 6 concludes the paper.

2 The model

2.1 Basic setup

We consider the economy to have two regions and total population L. Two regions
are symmetric except for online transactions. Each individual inelastically supplies one
unit of labor, which is the only production factor. The economy has agricultural and
manufacturing sectors. Manufactured products are horizontally differentiated. Firms use
increasing returns to scale technology in the Dixit-Stiglitz monopolistically competitive
market. The agricultural sector produces a homogenous good with constant returns to
scale technology in the perfectly competitive market. One unit of labor can produce
one unit of an agricultural good, which is traded freely across regions. Without loss of
generality, the agricultural good is chosen as the numéraire, which implies the price of
agricultural good, pa, and nominal wage rate, w, in each region equals to 1 (i.e., w =

pa = 1). Accordingly, the total income of region r is determined by Y, = wL/2 = L/2.

2.2 Consumer behavior

All consumers in the economy share the same Cobb-Douglas utility function. The indi-

vidual utility function in region r is given as follows:
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where A, and m,(w) are, respectively, the individual consumption of an agricultural
good and variety w of manufactured goods in region r, ¢(w) is the product quality index
of variety w, €1, is the set of available varieties in region r, ¢ > 1 is the elasticity of
substitution between any two varieties, and p is the consumption share of manufactured

goods. The consumer’s budget constraint is given as follows:
/ pr(w)m,(w)dw + A, =y,
WEQT

where p,.(w) is the consumer price of variety w in region r and y, = w = 1 is the individual

income in region 7.



Utility maximization yields the aggregate demand for variety w in region r, ¢,.(w),

determined by

) = oty |2 ®

where Y, is the aggregate income in region r and P, is the price index of the composite

manufactured goods in region r given as follows:

P = { /w o so(w)"lpr(w)”dw} i~ (3)

Since o > 1, (2) implies that the higher the quality, the larger the demand.
The individual indirect utility in region r, V;, is determined as V, = 1/P*H.

2.3 Production

Following Melitz and Ottaviano (2008), we consider a static (one-period) model. Firms
are identical prior to entry. Each firm faces uncertainty about its productivity level
and quality level p. To start, each firm must make an initial investment. Thus, entry as
a firm requires a sunk cost of F units of labor. Once this cost is paid, firms observe their
productivity ¢ € (0,400) and quality ¢ € (0, +00) from the common joint probability
density function (1, @), which has positive supports over (0,400) x (0,+00) and has
the joint cumulative distribution H (1, ). Firm heterogeneity H, (1, ) in region r takes
the same form among all regions, such that H,.(v, ) = H(¢,¢), Vr. Following Johnson
(2012), we assume that the two variables ¢) and ¢ are independent. For simplicity, we
assume that the two variables ¢ and ¢ are drawn from the same density function g(-),
which implies that h(1, ) = g(¥)g(p) and H (¢, ) = G(¢)G(p) hold with the cumulative
distribution function G(-). There are M, potential firms who draw the lottery, and M,
active firms in region r.

For simplicity, we introduce Pareto distribution function: g(v) = k. /pFtt o >
Ymin, and g(@) = k. /" © > Omin, k > 0, where ¥y, and @i, are the minimum
value of ¥ and ¢ respectively. Therefore, we have h(v, ) = (k. /") - (ket . Jo" ),
Y > Ymin and © > ©pin. Accordingly, we have:
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Without loss of generality, we choose ¢, = Vmin = 1.

Prior to selling its product, each firm incurs a fixed labor requirement f > 0 in pro-
duction. Furthermore, there are no economies of scope in production. Thus, each firm
produces a single variety, and each variety is produced by a single firm. To produce a va-
riety, firm (¢, p) needs a marginal requirement of ¢/ units of labor with ¢ > 0. Choosing
the unit of each variety, we set ¢ = (¢ — 1)/0. Online firms (N-firms) and offline firms
(F-firms) may coexist in the manufacturing sector in each region. Specifically, each N-firm
can serve consumers in both regions through an integrated online marketplace, whereas
an F-firm serves local and foreign consumers separately. Consumers have imperfect in-
formation about N-firms’ quality ¢, but perfect information about their productivity .
This is because consumers can identify N-firms’ productivity by observing N-firms’ prices.
Observing an N-firm’s price p(1), a consumer can deduce its productivity 1) under the
markup pricing strategy. However, consumers have perfect information about the F-firm’s
quality and productivity.

Since quality ¢ and productivity ¢ are independent, all consumers share a common
expected value of N-firms’ quality E¢p in the integrated online marketplace. We assume
that consumers in each region have the same rational expectations on firm (¢, ¢) which
chooses to be an N-firm, which is also common knowledge for all firms after spending the
sunk cost. Thus, both consumers and firms make their optimal decisions based on the
same Eg. Note that each firm’s behavior does not affect the other firms under monop-
olistic competition. Similarly, we can assume that each firm’s behavior has no impact
on consumers’ choices, although the aggregate behavior of firms as a whole affects each
consumer’s choice.

Each firm incurs both iceberg transport costs and iceberg transaction costs, as in
Samuelson (1954), to sell its goods in the other region. Transport costs are the same for
all firms across regions. Specifically, 7 > 1 units of goods must be shipped from region
r to ensure the delivery of one unit in region s # r. For simplicity, we assume that the
transport costs are zero within a region. Transaction costs depend on the information
and communications technology available to consumers, such as better mobile phone and
Internet access result in lower transactions costs. Transaction costs are consumer-specific.
More precisely, transaction costs between consumers in region r and N-firms in any region
are characterized by the iceberg form defined as ¢, > 1.

Profit maximization of N-firms yields the delivered price of goods produced and sold
in region r as p. N (¥, ) = t./1, and the delivered price of goods produced in region

r and sold in region s # r as psn(¢,p) = Tis/1p. F-firms and consumers transact



directly, which means zero transactions costs in each region. Thus, the delivered prices of
the F-firm located in region r are p,,. r (¢, @) = 1/¢ and p,.s p(¥, @) = 7/, respectively.
Accordingly, the total demand in region s for the variety produced by firm (¢, ¢) in region

r is obtained as follows: )
05
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where ¢, = E¢ for N-firm (¢, ), which is the quality expected by consumers in region s,
and s = ¢ for F-firm (¢, ).
Using (4), the profit of N-firm (¢, ) locating in region r, 7 (¢, ), is given by
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where ¢ = 7177 is trade freeness, 6, = (177 is transaction freeness, f is the fixed marketing
costs for each N-firm, and Y =Y, =Y, = L/2. The profits of F-firm (¢, ) locating and

selling in region r, 7 (¢, ¢), is given by
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The profit of F-firm (¢, ) locating in region r and selling in region s, 7%, (1, ¢), is given

by
_ ﬂ waa_lSOU_l
o Pl-e

That is, each F-firm incurs the fixed marketing costs for selling in each region, but each

mh (1, ) — /. (7)

N-firm incurs the fixed marketing costs only once because of the integrated online mar-
ketplace. However, the demand for N-firm depends on consumers’ internet access.
We define the condition for the equilibrium profit of firms operating in region r as

follows:
T (1, @) = max {w) (¢, ), 75 (¥, @), 75 (1, @) + 7L (1, ©),0} .

That is, each firm (¢, ¢) has no incentive to deviate from its choice if and only if the firm

has a positive profit that is the largest among all possible choices.



2.4 Aggregation

The ex-ante probability of successful entry for N-firms producing in region r, pe, n, is

perN = // d@[)dgo - (1/}’90)|(¢7<P)€AN,T
AN r

where firm (¢, ¢) € Ay, chooses to be an N-firm. The ex-ante probability of successful
entry for F-firms producing and selling in region r, pe,, r, and F-firms producing in region

r and selling in region s, pe,s r, are, respectively, given by

perp = / / 9(0)9(P)dide = H(, )l mrenr. .oar,
AF’I‘ T‘UAFT‘

Ders.p = // @)dydy = H(v, (10)’ () EAF,,

where firm (¢, ¢) € A, chooses to be an F-firm in region r selling in two regions, and
where firm (¢, ¢) € Ap,, chooses to be an F-firm selling only in home market.

The relationship between the mass of entrants in region r, M,, and active N-firms
in region r, M, v, is M, n = pe, yM,. The relationship between M, and active F-firms
producing and selling in region r, M,, r, and active F-firms producing in region r and
selling in region s, M, r, are M,, p = pey, pM, and M,s p = pe,s p M., respectively. Ac-
cordingly, the total mass of varieties available to consumers in region 7, M, is determined
by M = Mypp + My + My + M, y.

The conditional distribution of N-firm (¢, ) in region r is given by

9()g(e)

ven(,9) = HW: 0y peay,
0 otherwise.
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The conditional distribution of F-firm (v, ¢) producing and selling in region r is given by

9(@)g(¥)

VTTyF(lp’ 90) - (w ()0)’ 'l/) 90 GAFT‘ T‘UAFT‘
0 otherwise.
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The conditional distribution of F-firm (¢, ¢) producing in region r and selling in region s



is given by D)9(0)
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We define the aggregate productivity level of N-firms in region r as
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We define the aggregate productivity and quality level of F-firms producing and selling

in region r as

cirnp :/ / @0_1¢0_1VTT,F(¢7 @)d¢d¢
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and that of F-firms producing in region r and selling in region s as
b= [ [ p(b e
o Jo
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Accordingly, the price index of the composite manufactured goods in region r is written

as
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The expected revenue and profit of N-firms producing in region r are, respectively, deter-



mined as follows:
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The expected revenue and profit of F-firms producing and selling in region r are, respec-

tively, determined as follows:
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The expected revenue and profit of F-firms producing in region r and selling in region s

are, respectively, determined as follows:
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The average revenue and profit of active F-firms in region r are, respectively, expressed

*Trs,F,

: 7T‘-rs,F-

The free entry condition is expressed as F = pe, pTyr p + Pers plrs F + Der NTr N

The expected value of N-firms’ quality is defined as follows:
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3 Firm entry, exit and status

We next determine when firm (¢, ) exits and when firm (¢, ¢) chooses to be an online
firm, offline firm selling in home market, or offline firm selling in both regions.
Using (5) and solving 7 (¢, ) = 0 yields the zero cutoff profit condition of N-firms

locating in region r, Zﬂv , given by

ZY ={(,p) eRL Y =1, },

where
1 20 f

Ee | uL ( o + Pﬁ";)

v

T

(9)

Using (6) and solving 7% (1, ¢) = 0 yields the zero cutoff profit condition of F-firms

locating and selling in region r, Z%, given by

Zh ={(,p) eR} 1 " T =D, },

where
20f

o = )
T pLpet

(10)

Using (7) and solving 7% (¢, ) = 0 yields the zero cutoff profit condition of F-firms

locating in region 7 and selling in region s, ZZ

rs)

given by

ZE={(,p) eR2 1" W =, }.

where 20 f
o
b =— " 11

Using (10) and (11), @, < ®,, and &, < @, are satisfied if and only if
prl 1

P < s (12)

o <

Specifically, if P, = P,, then ®,. < @, and &,, < @, hold. We assume that the difference
between ¢, and ¢, is sufficiently small to hold (12), which implies ®,,. < @, ..

11



Furthermore, using (10) and (11) yields

®,, = ¢d,,. (13)

rr

Using (9), (10) and (11) yields

= =
vemle) cmleonl W
In addition, we can rewrite (5), (6), and (7) as follows:
N P!
T (Y, ¢) = (L‘fl - 1) fi (15)
) = (L5 1) £ (16)
) = (L2 1) £ (17)

Thus, the profit of N-firms increases with lower productivity in Z», whereas the profit of
F-firms increases with lower productivity and quality in ZZ and ZZ.
Using (15) and (16) and solving 7 (¢, ) = 7& (1, ¢), we define the iso-profit condition

between N-firms locating in region r and F-firms selling only in region r as follows:
ENrfFrr = {(w790> € Ri Y= Sorl}

1
where 1 = &7 /¥,.. Thus, quality in Fy,_p. increases with a rise in the productivity
and quality in Z% and a decline in productivity in Z~.

We define the iso-profit condition between N-firms locating in region r and F-firms

selling in two regions as follows:

Enr—pr = {(@Z),@) S Ri o= SOTQ(@/’)}

where

1 1
P +<I>

=rTr —=Ts

1
1 1 o—1
=+ == \!
wa 1 gr
= ()"

Thus, productivity and quality have negative relationships in En,_p,.. Quality in En,_p,
increases with a rise in productivity and quality in ZZ and Z%, and a decline in produc-

tivity in ZN.
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As a thought experiment, we consider the case in which the online technology is
unavailable in the economy. In Appendix A, we obtain the following results. Firm (1, ¢)

in region r exits the market if and only if

1

firm (¢, ) in region r chooses to be an F-firm selling in the home market if and only if

_1_
—1

Qﬁrj <Pp < P (19)

and firm (1, ¢) in region r chooses to be an F-firm selling in both markets if and only if
1

b > BT (20)

We now turn to the case in which online technology is available. In Appendix A, firm

(1, ¢) in region r exits the market if and only if
1= Ymin <V <V, and 1 = Ymin@min < Vi < D57 (21)

firm (¢, ¢) in region r chooses to be an online firm if and only if

V>V, and e < min{y,1, (V) }; (22)

and firm (¢, ) in region r chooses to be an offline firm selling only in home market if and
only if
1 B
O <P < KT and @ > pn; (23)

and firm (¢, ) in region 7 chooses to be an offline firm selling in two regions if and only
if
_1
Yo >@7  and 0 > (). (24)

It is readily verified that ZV, ZF

T

and that Z', En, g, and Ey,_p, are satisfied at (¢, ) = (¥r2, r1) where 0 =
oY=y /ol/(e=1) - Additionally, ¢,2(¢)) has an asymptote such that

and Ey,_p are satisfied at (¢, ¢) = (¥, o),

T =

7 =1/ [T (12, +1/2,)]

which means that ¢,2(¢) # 1 for V¢ by assuming 1/ [¥7" (1/®,, + 1/®,,)] > 1, which

13



1S rewritten as

o— -1 er
vl < (1/2,, +1/2,,) = m@m- (25)
Otherwise, there exists ¢,2(1) = 1 for Ji, which implies that the boundary between the
domain for online and offline firms selling in home market becomes short.
For the existence of firms exiting the market in region r, we assume that

v, >1 (26)

r

holds. Otherwise, all firms are active and choose to be either online or offline firms.

For the existence of N-firms in region r, we assume
O > 1 @YD S g (27)

Otherwise, firms choose to exit or to be an F-firm. Note that (27) holds if we assume
(25).

Under (25) and (26), the choice of firm (¢, ) is expressed as in Figure 1. Firms with
the lowest quality can survive because of imperfect information. The boundary between
online firms and exporting offline firms exists because online firms can access a remote
region without additional fixed costs but with transaction costs, and because higher-
quality firms do not prefer to disguise their quality. The boundary between online firms
and offline firms selling only in home market exists because online firms sell in two market

with transaction costs, but consumers know the quality of offline firms selling locally.
Figure 1 is around here.

Finally, we summarize our findings in the following proposition:

Proposition 1 If the economy is relatively symmetric as (12) holds, firms with very low
productivity exit the market if ¥, > 1 holds, and firms with low quality and without low
productivity choose to be online firms if @%(071) > W _ holds. Regarding the remaining
quality and productivity, firms with lower (resp. higher) productivity and quality choose

to be offline firms selling only in home market (resp. in home and remote markets).

4 Equilibrium
Following the literatures a la Melitz models, we assume that x > 0 — 1 > 0 hold.

14



4.1 No online technology

We first consider the case without online technology, which includes the active F-firms
selling in home market or two markets. We can rewrite (19) under 1 < ¢ and 1 < ¢ as
follows: 1 < ¢ < @YD and &YV /o =41 (¢) < ¥ < 00; and &YV < » < 00 and
1 < 1 < 00. The ex-ante probability of successful entry for F-firms producing and selling

in region 7, pe,, r, is obtained as follows:

o/

perrF_/ /14,0) G et dipdep + /1/(0 1)/ PRl prtl dipdep

= (I)M" (1 + —3 loggw) .

The aggregate productivity and quality level of F-firms producing and selling in home

region is obtained as follows:

G A, KO, o—14(k—0+1)log?,
" perr (k—o+1)? o—1+klog®,, ’

where A,, is determined by

1/(0’ 1)

> K K & o0 K K
A, - / / L ML WY / / L ML WY
brr () ¢H+1 gpfﬁ-l Q%(aq) 1 ¢m+1 QOF”"H

1 1
_ —Q((f*ﬁ*l)/(dfl) log ® )
kKk—o+17"" /{—0+1+0—1Og_”

The expected revenue and profit of F-firms producing in region r are, respectively, deter-
mined as follows:

&)M_ kof o—1+4+(k—0c+1)log®,,

@rr (/‘{/_0"{’]-)2 0-_1+Hlogirr

TT’T’,

and ) low &
K c—14+(k—0o+1)lo
ﬁrr,F = B} ( ) 8 2 —1 f
(k—0o+1) o—1+klog®,
Thus, we have
_ — [(c—=1)2k—0+1) K
rr,F * PErr = 0,7 ! lo (I)TT .
Trr,F * Perrpp = £ [ (H—O’—i—l)2 o1 g®,..| f

We focus on F-firms selling in a remote market. The ex-ante probability of successful
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entry for F-firms producing in region r and selling in region s is determined as follows:

1/(0 1)

Pers,p = / /1/0 1)/ w/i—l-l K+1 w 80 /1/(0 1)/ ¢H+1 K+1 1,/}

= CI)TS" (1 + 3 log@rs> )

The aggregate productivity and quality level of F-firms producing in region r and selling

in region s is obtained as follows:

G Ay KO, o—1+(k—0+1)log?,
Ts_pers,F_(Ii—U—i-l)Q oc—1+klog®,, ’

1/(0

o - 0' 1 /0—1 o—1_ 10—1
ATS - / /1/(0. 1)/ ¢ fd)l{-ﬂ—l H"rldw (10+/1/< 1)/ w wl‘i“rl R+1 w 90

o—Kk—1 _ 1
{H&bg@]

= q)rsd !

(/i—O'—l—l) o —

The expected revenue and profit of F-firms producing in region r and selling in region s

are, respectively, obtained as follows:

_ fEI;rS kof o—-1+(k—0+1)log®,,
Trs,Fp = 0 =
’ Qrs (l‘i — 0+ 1)2 o—1+ Hlog@rs

and ) low @
1 _
7 op= K 20 +(k—0+1) gl I
’ (k—o+1) o—1+klog®,,
Thus, we have
_ —r [(c=1)(2k—0+1) K
rs,F - Pers p = Prs’ ' log @ :
Trs,F pe JF X |: (5—0—1—1)2 /ﬁ}—O’—i-log =rs f
The free entry condition is expressed as
- —1)(2k — 1
U {(U ) (2 ot ) K log@w}
f (/{—0—}—1) k—o+1
+Q;sﬁ (0 — 1)(2/{—02—1— 1) K log®, .| (28)
(k—0o+1) k—o+1
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It is readily verified that

_Kk—o+1
aﬁ-m‘F “PerrF '%2(1)7‘7‘ o o—1
: — = — — log ¢ <0
0P, (c—1)(k—0+1) /1—0+1+ 8 Zrr

Similarly, it is readily verified that

aﬁ-7"5,F * PErs,F

90 < 0.

T8

: _ : _ —1)(2k—0+1 -
Furthermore, limg 1 Ty p - Perpp = liMe 1 Tps b - Persp = % f holds. Using
1/(o—1)

log ®. T 1 o—1 1 B
= = limg o <—U_1—H —— w771 ) = 0. Thus,
grr gﬂ«grr

limg oo Trrr * Perrp = liMg oo Trs r - Persr = 0. The first and second terms of the
RHS of (28) decrease with @, and @, respectively.

I'hopital rule yields limg o0

4.2 Online technology utilization

— [} — . .
We now focus on the case under W71 < %:TETS@”S and U7 > 1. As shown in Appendix

C, the ex-ante probability of successful entry for N-firms producing in region r is obtained

as follows:

1 1 1 K 1 1 \71 i K
N = _ - — 4+ — B|—"—, 00, (29
PerN = alle=1) ~ pr/lo—D) +gf o—1 ((I) 3 ) [gr T+, 01 (29)

=rs =rr —rr —Ts

where B(z,a,b) is an incomplete beta function such that

/ (1=t e
0

Furthermore, we have

~ Hz o—k—1 o—k—1
\Ijr,N "PerN = T3 @7"8071 - Qﬂffil + iﬁf—“_l
(c —k—1)

o—k—1
2 (0‘ — 1)71 1 1 B @rr K= (U B 1)
2T (L B .
RI{_O-_’_]'(QTT—FQ er—i_@m, o—1 70 (30)

T8

The ex-ante probability of successful entry for F-firms producing and selling in region
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r is obtained as follows:

klog ¥ - - K 1 1\t ) K
r — K—’I” @rra—l _ @7‘ o—1 - - B —TrTr , , 0 .
P = Tgm TR T (e re) et s
B (31)
Furthermore, we have:
- 2 _ k—o+1 2 _ k—o+1 2 _ kh—o+1
(Drr *PerrF = H—i o log ir + K—(I) = H—CI) o

=Trr 9 =TS
)’ )

K—o+17 (k—0o+1
—o+1

kKX o—1)"1 [ 1 1\ 1 o k—(oc—1)
—_— | — + — B = 0] . 32
e e ) @

T =rs

(0 —rk—1

The ex-ante probability of successful entry for F-firms producing in region r and selling

in region s is obtained as follows:

i o Ny, k(1 1\ e, K
Peror = e n %8 g T o1 <<I> "9 ) B{Qrﬂr@m’a—l’o]'
(33)

—1rs _—rr —rr —Ts

Furthermore, we have:

~ 2 r—o+1 1/(e=1)y
(I)rs * PErs,F :H—q)rs ot 10g
K

+(0—1)_1K2(L+ 1 )“00113{ o, H—(0—1)70 (34

QTT_FQT'S’ o—1

The zero cutoff profit conditions 7., (®7,.) = 0, 75 p(P,) = 0 and 7, y(¥)) = 0 are,

respectively, equivalent to 7. p(®y) = fkrrp, Trs p(Prs) = fhrsr and m. 5(V,) = fky N
where k., p = (5TT/QM — 1, ks p = &)rs/@m —1,and k, y = {fzr/gj—l — 1. Thus, the free
entry condition is rewritten as follows:

E]T,N : per,N/gg_l + 67‘7’ : perr,F/@rr + &)rs : pers,F/@rs — Per N — PErrF — PErs F o f

f f
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Using (30), (32) and (34), we obtain:

CI}T',N : per,N/gg_l + a)rr : perr,F/@rr + (’i)rs : pers,F/@rs

/
2 Plo—r—1)/(0=1) (D:T;ffl
_ =rs = + \I];n
(0_ D 1)2 gg—l gg—l —
P = S
(li—0+1)2_ (0—/{—1)2_
K2 K2 PNy
" Doy 4+ /o) |ge=rs =1
+fi—o+1_” 08, ¥ k—o+17"7 o8 /=)

Kk—o—+1

Ro-1D1 /1 1 1 1 1\ o k—(0—1)
L) ) (= B —rr 0
ot (<1> "3, gﬁl)(@ *%) {gﬁ@r; o1 }

—TrTr rr

Using (29), (31) and (33), we obtain:

_per,N +perr,F +p€rs,F - _i _ K oo U — K 1 @}-é(a_l)gr
f N gf @%(U—l) 08 = Qfs/(g_l) 08 @%(a—l)

K 1 1\71 ) K
— B —- 0] .
0_1<(I) +@rs> |:gr7"+grs’0-_17 :|

—Trr

Thus, the free entry condition is expressed as

f
— =A+B,+C,,
f
where
2 2 ) = ) =
e B L [ R L =R Ll
(k—0o+1) (0 —kK—1) vy vy
(35)
kK(o=1) o k(o—1) __ _ TACONY
B, =—29 k/(o 1)1 ] ) k/(o 1)1 =rs = 36
k—o4+1"" Og—r+ Kk—o4+1"7"° 0g @1{1{(0_1) ’ ( )
Ro-1)"1 /1 1 1 11\ o K— (o —1)
o=t (L LR ) 0
nmot1 <@M+@m g) (@ﬁ%) {@w@m o1 }
Kk/(c—1)
K 1 1 ) K
_ . T =rr 37
0_1(©TT+QTS) |:q)rr+@rs7a_1’ :| ( )

19



Furthermore, the part of E¢ is expressed as

X,
/ / oy dirdip =
AN, per N

g/{/(a’—l) E/{—l Qn/(a—l)
g ) \giF ) T

K2 1 1 \71 P K 1
. B =rr i ‘
(I{_l)(a_l)ir (g +q) > |:§rr+grsjo-_]', 0-_1:| (38)

Tr —TSs

5 Symmetric equilibrium

We focus on the case when 6, = 6,, which means that two regions are symmetric. Thus,
using (13) yields
QTS = QST’ = gbil@rr' (39)

Therefore, the equilibrium values of ®,,. and @, exist under no online technology if

200 —-1)2k—0 +1)

F < .
(k—o+1)? !
Furthermore, using (14) and (40) yields
1 1
v, = " (40)

Ep[(1+ ¢) 6]

Substituting (39) and (40) into (25) yields
1 < Ep7 1.

Thus, the boundary between N-firms and F-firms selling in home market does not cross
with the lower bound of Pareto distribution if E¢ and/or 6 are large enough.
Substituting (39) into (26), we have

D, > 0(1+¢)Ep” ' > 1+ 6.

In other words, some firms exit from the market if ® . is sufficiently large and/or if 6, ¢

and E¢p are sufficiently small.
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The free entry condition in symmetric equilibrium is expressed as

§:A+B+C

Substituting (39) and (40) into (35) yields

,i2

mz(@@;ﬂﬁ, (41)

K> s

A=|——  1|E"[(1+6)0"" Vo, T +

[ A (R Ll

where Z(¢) = [E¢” ' (14 ¢) 0 — 1] ¢p7-1 — [Eg” ! (14 ¢) 0 — 1].
It is readily verified that Z(0) = —oo, Z(1) = 0, and

o1

IZ i
7%@:¢2%m0%+0_1{mﬂ%@”l—n+em—@r—mel}>a

because of £k > o — 1 and 0Ep?~! > 1.
Substituting (39) and (40) into (36) yields

B = "0 gnso-1g 1 o7t
IQ-O'—}-]__M EQO [(1+¢)9]1/(071)—
—1/(c—1 1
n k(o —1) 4/ e=Dp=r/(e=1) |g ¢t/ o7 (42)
li—O'—‘r-]_ = E¢[<1+¢)9]1/(0—1)—
> 0

Finally, substituting (39) and (40) into (37) yields

kKo —1)7! P 1 k—(c—1)
= ————— (1-E¢" '0)(14+¢)7 12, 'B :
c k—o+1 ( PO (1) & L—l—¢1’ o—1 O}

0/ (0—1) 4 —r/(o— 1 K
R R el (@3

K

c—1

We now show E¢p. Substituting (39) and (40) into (29) and (38) yields

Eo=— (44)
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where

en = gbm/(o—l

and

K o—
X = HESO[(lﬂL(?) R

WEp((L+¢) 0]

)g;ﬁ/(ofl) _Q;Tn/(crfl)_’_Egon [(1+¢) ]H/O’ 1)CI) o1
1 K
1 ®,.""VB 0
1( +¢) 1+¢7170__17 )

(k—1)(c—1)

T (1-07T) + =Bt (14 9) o

K—1 —_k_ ]_
(H@H%‘”B[ o _*K

1+¢’a—1’_a—1]‘

(45)

®,, 7"

Note that Q;Tﬁ is cancelled out from pey and X. Thus, E¢p does not depend on @, in

the symmetric case.

We now show when a unique equilibrium value of @,

Using I'hopital rule yields limg o0 S/ = limg oo <ﬁ

@ @,
Thus, we obtain limg oo B =0. Consequently, we obtain limg o (A IB+ C)=0.

lim A= lim C=0.

®,.,—00 ®,.,—00

log &7~ -1

K

Meanwhile, using (41), (42) and (43), we obtain

oA kA
a@rr O-_]‘@r'r‘
oB k B N K 1+ ¢at
o0,  o-1®.,. k—(0—1) (Dgr%ﬁl
oc k C
a@rr_ 0-_1@7‘7"
Thus, we obtain
0A 0B oC ko1 o—1 1+¢1
= — A+B+C-— _
o, “ow, "o, T To-ia, [PTPTE RSO o
Kk L[F o-1 1447
B 0-_1@7'1' f ’%_(0-_1) (I)fr%l
Since @, > 1, if
F o—1
LA S SRV G
f —0—1—1[ +¢ ]’

exists. We obtain

1

(bn/(o’ 1)—1
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we have
0A n OB n oC <0
ov,, 0w, o, =V
Otherwise, the impact of ®,. on A 4+ B + C is ambiguous.
We focus on the limit of A + B + C when @, approaches 0(1 + ¢)E@?~! since @, >

0(1 + ¢)Ep° L. Using (41), (42) and (43), we obtain

rr

(c =12k — (6 —1)]

lim A=

D 0(1+¢)Epr1 (k—o+1)?
2 B (149)0 (677 —1) - 67T 41
(k—o+1)° 05-1(1 + ¢)7-1Eepr ’
: k(o —1) e 1o
1 B = #/(o-1p=5-1 (1 Eas | 1/(o—1)
o ol BT 19 (1+¢) 7 TEp " log (¢ )
k(o —1)71 p 1 k—(oc—1)
li C=———"~(Ep'0—1)0 5 1Ep "B 0
grae(fﬁ)mwl k—o+1 (Bp ) v {1 +o 7 o—1 7
K K 1 K
— 0 -—1Ep "B 0] .
o1 {1—1—(/5—1’0—1’}
Accordingly, we obtain
lim (A+B+C)
2, —0(1+¢)Epo—!
K2 1 K
= ————1-——§ "B : 0
(k—o0+1)° o—1 4 [1—1—@25‘1 o—1 1
2 B 140)0 (97 1) -9 41
+ 3 R 9
(k—o+1)° 075 (1 + )71 By~
k(o —1) J(o—1) p— =t - -1/(e-1)
KR/\O— 9 P 1E Iﬁ)l g
p——— (14 ¢) 7 1Ep "log (¢ )
k(o —1)71 P k—(oc—1)
——————— (B¢ '0—1)0"—Ep "B 0. (46
k—o+1 (90 ) ¥ [1+¢—1’ o—1 7] (46)

Note that, if % > 225 [1+ ¢"/""D] holds, we obtain limg__p14g)Eee-1 (A +B+C) >
0 because limg_ _oo(A +B + C) = 0.

Since A +B + C is a continuous function of @, in interval (8(1 + ¢)Ep?~! 00), a
unique equilibrium exists if

f
1 o= — li A+B . 4
( T ) < f < @TT—>0(114{I(;15)E¢0*1( +B+C) (47)
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Otherwise, ambiguity remains. For the existence of the interval in (47), it is required that

1 .
T (1+¢7) < lim  (A+B+C),
R—0 + ]_ D —>9(1+¢)Etp°’71

which is equivalent to

. 1 . 2 1—¢ot
(=i om) et s el
k—o+1 (k—o+1)" (1 +¢)o1

DG [ 1 k—(c-1) } K2 (1—¢oT) (1+¢> L
{H—J+1 B 1+¢_17 o—1 ,O +(/€_0+1>2(1+¢)£ ¢ EQO 0
K K 1 k—(oc—1) 1 K

by using (46). The terms in the curly bracket of the last term are rewritten as

1 o
r /w pE2 (1) dt—/ s - )
0

k—o+1 ]/

1
_ /”W te (1 — 1) {—’i -
0 k—o+1

Thus, the last term is positive. This means that if E¢p = 0, the function is positive.
Furthermore, taking the derivative of the RHS of (48) with respect to E¢p yields

K T -1 K—o+1
- o—1 90—1 E +
(/@—04—1 ¢ ) 7

- K 1 k—(oc—1) K (1—¢a-1) sol
< {0—13[1—1—(25_17 o—1 ’01 +m—a+1(1+¢)”;f{l (1_¢d >}

1] dt > 0.

@ K
K K—0 K —po—1 rootl
< EB [lJré) by o— —1~_1 ’ 0i| + k—o+1 ((_li_qb;b”;f‘lzl <1 o ¢ o > —
Egomfodrl = " = ]EQO
<H U+1 ¢a ) 9 o—1

Thus, the function decreases from a positive value until ﬁo and then increases as E¢p
increases. As 0 increases, ﬁo becomes smaller. Furthermore, since k > o — 1, the
function becomes positive when E¢ approaches to infinity. Thus, the interval (47) exists
if Ep is sufficiently large. Otherwise, ambiguity remains.

We now examine Ey, using Ep = X/pen. Rewriting (44), we obtain

24



where
J = {Kfl[(lm)e]ailﬂ} (1—¢ﬁ)+%(1+¢)ﬁ

0 K Ko, 1 0] K 1
X{B{l—f—(b’a—l’o} o1 Bl1+¢’a—1’_a—1”' (49)

It is readily verified that we obtain

O((Ep — £5) Ep™ 1)
OEp

=k (Ep — 1) Ep" 2.

Since 1 < E¢o16, we have Ep > 67 7=1 > 1. As a result, (Ep — =) E@"! increases

with E¢ € (1,00). Meanwhile, we have limg, o (Ep — -5 ) E¢" % = co. Thus, an

k—1

equilibrium value of Ep exists if

K
I Eyp — Eo"2[(1+¢) 0] < J 50
L (Be— Bt oo <, ()
which is equivalent to (/=) — —£-92/(7=1)) (1 4 ¢)*“=Y < J._1f 6 approaches 0, the
LHS of (50) becomes zero, and J becomes positive; thus, (50) holds. Using the derivative
of the LHS of (50) with respect to 0 yields

oo 2 F e e ({9 B g
o—1 c—1k—1 oc—1 k—1 ’

which is negative if and only if

1k -1
2 K

< gt/ e=D), (51)

If (51) holds, the LHS of (50) decreases. Using (49) yields

g—‘9]>0<:>(1+<b)3fT (1—¢ﬁ>>

K K B [0} ko1
c—1k—1 |1+¢'0c—-1" o—-1]

(52)
We find that (52) holds with ¢ = 0 but not ¢ = 1. Furthermore, the LHS of (52) decreases

and the RHS increases with ¢. Thus, (52) is satisfied with low ¢. That is, if (51) and
(52) hold, J increases with 6. Thus, (51) and (52) are sufficient conditions for (50). If

25



(51) does not hold, (50) is satisfied if # approaches to 0. Otherwise, ambiguity remains.

Summarizing the results, we have the following proposition:

Proposition 2 A unique equilibrium value of the expected quality for online firms, Eyp,
exists if transaction costs between consumers and online firms, 0, are sufficiently low as
(51) shows, and if transport costs, ¢, are sufficiently high as (52) shows. The unique equi-
librium exists if F/ [ takes an intermediate value, as (47) shows, and if B is sufficiently

large.

5.1 Impact of online technology

We next compare welfare with and without online technology at symmetric equilibrium.
Substituting (40) into the RHS of (28) yields

—1 1 1
K (U ) _;Tm/(a—l) log o _1)9;7;1
poo+l Ep[(1+¢) 01"
-1 —1/(e=1) 1
202D, el r- 1og 07| =By,
k—o+1 Ep[(1+ ¢) 6"/

Using 0 = 4, k = 4.25 and f, = 0.545 from Melitz and Redding (2015), ¢ = 0.7
form Head and Mayer (2004) and 6 = 0.9, and normalizing F to 1, we obtain E¢p =
1.42. The value of @, with online technology is obtained as ®,, = 11.41 by solving
A+B+C = F/f. Meanwhile, the value of @, without online technology is obtained
as @, = 6.88 by solving By, = F/f. That is, we compare the cases with and without
online technology under the same parameter values. Numerical analysis shows that the

zero cutoff product of productivity and quality level of F-firms selling in home market,
)

=rr

with online technology is larger than that without online technology. This is because
the expected profit with online technology increases compared with those without online
technology. This difference of @, means that the price index with online technology is
lower than that without online technology. Furthermore, the difference implies that the
welfare with online technology is higher than the welfare without online technology. This

result is consistent with the empirical findings of Jo, Matsumura, and Weinstein (2022).

5.2 Impact of lower transport and transaction costs

We examine the impacts of two costs with online technology under symmetric equilibrium.

We use the same parameter values as in the previous subsection. Accordingly, we use
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the equilibrium values obtained in the previous subsection, which are E¢ = 1.42 and
¢, =11.41.
5.2.1 Decrease in transport costs

We examine the impact of ¢ on Ep. Using (49) yields

J K 1 1-r K 1.. —gbﬁ K
= — 9071 o—1 J— o—1 =
(14 ¢)7T k—1 (1+9) <1 ¢ >+(1+¢)a_1 o—1

¢ K KoL [0) ko1
X{B{1+¢’a—1’0]_n—lea_B[Hqs’a—l’ 0—1]}‘

Thus, we obtain

(9( S )
(I+¢) =T Ko 1 1k
- 7 f— —_ o—1 1 o—1
0¢p o— 16 (1+9)

1 — o1 1 — o1 2k r-(o-1)
o o 2R e
1+¢ (1+¢)g—19571 k—1
< 0.

Since (]Egp — ﬁ) E@"! increases with E¢p, the implicit function theorem provides

JEp

99 < 0.

In other words, the expected quality of N-firms decreases when transport costs are lower.
Using numerical analysis, we have 0Ep/d¢ = —0.59 < 0.
We then examine the impact of ¢ on ®,,. Using (41), (42) and (43) yields

( A OB OC ) Epd7 "

OEp + OEp + JEp K

I DL e B A N
KO(1+¢)Ee”t [ o—1 = Kool ¢ k—(0c—1)
 k—o+1 {m—a—i—l(l_ ’ )+(1+¢) B 1+¢ o-1 ’O}}'
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and

on 0B oC
96 06 00

K K> T N S —.

= _ 1 E K 1 + o—1 9ﬁ®rr071

3 K -9 2 o—1
F172(1 s 0E : -5
K711+ ¢) @Ef1_1f¢>@f1_41_£_3@+¢Ufﬁiﬁl

(c0—1)(k—0+1) (k—0o+1)
0% U% o—1
B k(1 + ¢po-1) - Kpo—1 H{l—i- K log [Q¢(1+¢)]Eg0 ]}
(h—o+1)1+¢)2%"  Gr—o+ 1" L 771 Bor
kC K[0K(1+ @)Ep®t — k — d(0 — 1)]  rte-n) 5
+ - ¢ o-1 27’7’0 .
(c—1)(1+ 9) dlo—1)(k—0o+1)
Thus, numerical analysis provides d®,,/d¢ = —0.51 < 0. That is, as transport costs

decrease, the zero cutoff product of productivity and quality level of F-firms selling in
home market and welfare both decrease. This differs from the result obtained in Melitz
(2003) because online and offline firms coexist in the same industry in our model.

We further examine the impact of ¢ on ¥,. Using (40) yields

w, W0y 1 W02, 1 U

T

dp ~ Ey 0¢ +0—1@m« o o—11+¢

Thus, numerical analysis yields d¥, /d¢ = 0.28 > 0. The zero cutoff productivity level of
N-firms increases as transport costs decrease, indicating that the horizontal line in Figure
1 increases. This means that it becomes more difficult for some N-firms to survive with
lower transport costs. Note that the impact of transport costs on ¥, is the same as that
on the cutoff productivity of domestic firms in Melitz (2003).

Since @, decreases and W, increases with a decrease of transport costs, the boundary
between N-firms and F-firms selling in home market shifts leftward in Figure 1. This
suggests that the competition between N- and F-firms becomes tougher for N-firms as
transport costs decrease.

Finally, we examine the impact of ¢ on pey. Using (45) yields

dpen 1 k/(o—1) —57 OEp Kk peny 0P
= E K 1 9 ®7’ra 1 _ rr
K k/(c—1)—1 pgr/(oc— —oo1
+— E¢" (1+9) /(e=1)=1 gr/( I)er
oc—1
— Y (1+ ¢)ﬁ—1 /- p 1 "o
oc—1 - l+oVo—-1""|"
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Thus, numerical analysis yields dpey/d¢ = —0.24 < 0. In other words, the ex-ante
probability of choosing to be an N-firm decreases as transport costs decreases. This is

because lower transport costs leads to tougher competition for N-firms.

5.2.2 Decrease in transaction costs

We next examine the impact of § on Eg. Using (49) yields

S “19%(1+¢)ﬁ (1—¢ﬁ)+

Q-1 K —

1— ¢t N k(14 @)t
g1 (0 —1)f7-1

10) K KOTT 10) K 1
X{B{l—kqﬁ’a—l’o} a m—lBL—l—gb’a—l’_a—l}}'

Thus, we obtain

O (grizm) _ w(1—¢7 1) 1
95; ) ___(0__n9ﬁzf{1+{90;+¢ﬂ“}

52(1+¢)ﬁ ¢ K 1 0] K 1
B (0_1)29”i511 {B {m’m’o} —0B {1+¢’0—1’_0—1}}' (53)

Examining the last term in the RHS of (53), we obtain

b K1
10) K 1 0] K 1 /1+¢> to-1 1 1
B|——,——,0|—-0-1B — = 1—0—71(1—1t) dt.
[1+¢’a—1’0 Pl e e—1 o—1| J 1—¢ [ H1-1) 1]

Since 1 > 07=1(1 —¢) 71 < 1 —60 >t and t € [0, 3/(1 + ¢)], we have

) 1
1—-60>1¢> = >
1+¢ 1+¢

6.

Thus, if 1/(1 + ¢) > 6 holds, we have 0 (J/6%/(°=V) /96 < 0, which implies that
0Ep/00 < 0.

In other words, the expected quality of N-firms decrease with a decrease in transaction
costs if transaction or transport costs are sufficiently high. Otherwise, the sign of OEp/00
is ambiguous. The numerical analysis shows 0Ey/00 = —0.38 < 0.
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We then examine the impact of # on @,,. Using (41), (42) and (43), we obtain

aA 8B aC K 52 K __k_ K
gt T = 1| B (14 ¢)7 T &7 g7
00 " o0 o0 T -1 {(n—a+1)2 } P+ )T 2
/12 P _ K
_—E o—1 1 + 1 _ ﬁ_l @r’ro—71
o o) (1-077") @
D S
k—o+1 o -

RE L (14 9)7T e [ 1 k—(o-1) 0]

- o7 B ,
(c—1)(k—0c+1)" 1+¢7! o—1

Thus, numerical analysis provides d®,,./df = 3.91 > 0. That is, as transaction costs
decrease, the zero cutoff productivity and quality level of F-firm selling in home market
increases, implying that the welfare increases with lower transaction costs.

We further examine the impact of § on ¥,. Using (40) yields

v, U, 0By 1 ¥, 09, 1

_ T

@  Ep 00 o190, 09 o160

Thus, numerical analysis yields d¥,/df = 0.01 > 0. In other words, the zero cutoff
productivity level of N-firm becomes larger as transaction costs decreases, implying that
the horizontal line in Figure 1 increases. This implies that survival becomes more difficult

for some N-firms as transaction costs decrease.

Since
Opr1 - I 91d®, ¢nd¥,
900 — o—1®,_do0 U, df
1391 0.01
= ¢n (5@ - 1—37)
= 0.107 X 1,

the boundary between N-firms and F-firms selling in home market shifts rightward, which
means that the competition between N-firms and F-firms becomes milder for N-firms as
transaction costs decrease.

Finally, we examine the impact of § on pey. Using (45) yields
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dpen 1 wf(o-1) g~ 751 OBY
= kgEp" 1 D, 7!
PN — B [(1+ 0) 6 0,7
rk—(oc—1)

K @—R/(U—l)peNa@rr + KO o T (1+¢)ﬁE¢H
o—17" 00 (0 — 1)@737?1

Thus, numerical analysis yields dpey/df = 0.01 > 0. In other words, the ex-ante proba-

bility of choosing to be N-firms increases as transaction costs decrease.

6 Conclusion

We show that online technology improves welfare with numerical analysis. More precisely,
the case with online technology provides higher welfare than that without online technol-
ogy. A decrease in transaction costs between online firms and consumers improves welfare
and increases the ex-ante probability of the successful entry of online firms. Transport
costs have the opposite impacts on them. Specifically, our result differ from that of Melitz
(2003) on transport costs. This is because our model includes competition between online
and offline firms. Consequently, the zero-cutoff product of productivity and quality for
offline firms selling in home market are not the main boundary for firms’ exit. However,
welfare is still evaluated by the size of the zero-cutoff product of productivity and quality
for offline firms selling in home market because all online firms sell in two markets. As
a policy implication, investments that lower transaction costs in the online market are
more prefered than ones that lower firms’ transport costs.

Finally, further studies are needed to clarify whether the impact of transport costs
on welfare changes qualitatively by the emergence of online market. As a future research
direction, an analysis of the hierarchy of online market platforms, which is not included

in this paper, still needs to be conducted.

Appendix A

Assuming (12), we now determine the conditions under which firm (¢, ) in region r choose
to exit, to be an online firm, to be a single-market offline firm, or to be an exporting offline

firm, respectively.
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A.1 No online technology
(i) Inactive firms

Firm (¢, ) in region r exits immediately when its profit from being an offline firm is
negative. Accordingly, solving 7% (1, ) < 0 with (16) and 7%, (1, ¢) < 0 with (17), we
obtain (18).

(ii) Single-market offline firms

Firm (¢, ¢) in region r chooses to be an offline firm selling in home market if and only if
7F (¢, ¢) > 0 and 7% (1, ¢) < 0 hold. Solving 7 (v, ¢) > 0 with (16) and 7%, (¢, ) < 0
with (17), we obtain (19).

(iii) Exporting offline firms

Firm (¢, ) in region r chooses to be an offline firm selling in both home and foreign
markets if and only if 77 (1), ) > 0 and 7f(¢), ) > 0 hold. Solving 7% (1, ) > 0 with
(16) and 7%, (1, p) > 0 with (17), we obtain (20).

A.2 Online technology utilization
(i) Inactive firms

Firm (¢, ¢) in region r exits immediately if and only if max{m2 (v, ), 75 (¥, @), 7E(¥, 0) }
< 0 holds. Solving 72 (v, ¢) < 0 with (15), 7£ (1, ) < 0 with (16), and 7%, (¢, p) < 0
with (17), we obtain (21).

(ii) Online firms

Firm (¢, ) in region r chooses to be an online firm if and only if 7 (1), ¢) > max{0,
(¥, 9),m (¥, @)} hold. Solving 7Y (v, ) > 0 with (15), mY (s, ) > m/ (¢, ) with

(15) and (16), and 72 (1, p) > 7F (1), ) with (15), (16) and (17), we obtain (22).
(iii) Single-market offline firms

Firm (¢, ¢) in region r chooses to be an offline firm selling only in home market if and
only if 7% (¢, ) > max{0, 7Y (¢, ), 7F (1, )} holds. Solving 7% (1, ) > 0 with (16),
7h (¥, @) > 7N (1, @) with (15) and (16), and 7%, (1, p) < 0 with (17), we obtain (23).
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(iv) Exporting offline firms

Firm (1, ) in region r chooses to be an offline firm selling in both home and foreign
markets if and only if 72 (1, ) > max{0, 7N (¢, ), 7L (1, v)} holds. Solving 7'(¢, ) > 0
with (16) and (17), 75 (v, ©) > 7N (1, ¢) with (15), (16) and (17), and 7%, (¢, ¢) > 0 with
(17), we obtain (24).

Appendix B

Under ¢» > 1 and ¢ > 1, we can further determine the specific domain of firm (¢, p)’s

choice in the following.

B.1 No online technology
(i) offline firms selling home market

We can rewrite (19) as follows: 1 < ¢ < ®Y~ and &Y /oy = 4, (¢) < 1 < 00, and
YD < < o0 and 1 < ¥ < 0.

(ii) Exporting offline firms

We can rewrite (20) as follows: 1 < ¢ < ®/~ and /=Y /o < 1) < 00, and @M/ <
p<ooand 1 <y < 0.

B.2 Online technology utilization
(i) Online firms

If 90! < (1/®,, +1/®,,) " = =2=—& _ and ¥I' > 1 hold, we can rewrite (22) as

QTT+QTS_T8
follows: ¥, < ¢ < 19 and 1 < ¢ < 1, and e < 1 < oo and 1 < ¢ < pa(1).

. 1 1 L\ V=D .
Using ¢ra(t) = 1 ¥ = (3= + 5 — g 5 L <
®,, and U7 > 1, we can rewrite (22) as follows: ¥, < ¢ < 9,5 and 1 < ¢ < 0,1, and

T8

Uy <Y < Yz and 1 < @ < ().

= %37 if

(ii) Offline firms

If w9 < %@m and U771 > 1, we can rewrite (23) as follows: ¢, < ¢ < @/

and ¥,1(¢) < ¥ < 00, YV < < ooand 1 < ¥ < 00, and ¥y, < P < oo and
SOT2(¢)<<¢0<<P7‘1-
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If 5 L § < W < @, and YT > 1, we can rewrite (23) as follows: ¢, < ¢ <
pl/lo- l)andi/zl( )<@Z)<oo DY < < oo and 1 < 9 < 00, Wy < Y < 3 and
©ra(V) < p < @p, and g3 < Y < oo and 1 < ¢ < @,.

If W91 > @, we can rewrite (23) as follows: 1 < ¢ < ® ™D and 1,1 (¢) < ¥ < oo,
and@,l,,(” Dep<ooand 1 <9 < oo.

—Ts?

(iii) Exporting offline firms

If vt < %Q) and W7 ' > 1, we can rewrite (24) as follows: 1 < 1 < 9

and YD /i) = () < p < DYV 1 < ) < hyg and DYV < o < 00, and
Ur2 <Y < o0 and pra(Yh) < ¢ < 0.

If ﬁfb <P7 <@  and Y7 > 1, we can rewrite (24) as follows: 1 < 1) < 1,9
and @.3(1) < p < @%(” D 1 <9 < 1y and @%(” D < v < 00, s < ¥ < 13 and
©r2(V) < p <00, and 3 < < oo and 1 < ¢ < o0.

Using ¢p3(1) = 1 < ¢ = &YV if o1 > @

1<@/}<Qié(”_1)andgorg(@b)<go<oo andcbl/” D<yp<ooand 1< p< .

we can rewrite (24) as follows:

—Ts?

Appendix C

Under gg—l ﬁ@ and W7~ 1'> 1, we obtain the ex-ante probabilities, the products

of ex-ante probability and aggregate product of productivity and quality when online

technology exists, and part of E¢.

C.1 Online firms

(i) per,N

Using Appendix B, the ex-ante probability of successful entry for N-firms producing in

region r is expressed as follows:

7/’“/‘2 Pri K K o @r?(w) K K
Dper.N :/ / —5——dpdy +/ / —— 7 dedy.
v, Ji Pl prtl o J1 Pl prtl

The first term is obtained as

e 1 or/le—1) 1 1
/ / 1 P = — e — e gs e T
27‘ 1 /lp ()0 QT‘S Qrs gr grr \Ij

=r
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We calculate the send term. By assuming v = logy? ! < €7/@D = 4 and » =

log 7! & /(1) = » we obtain

/ /"PrQ
— ——dedy
2 @/)“ i
%

—1

log ——1—
= sotes N K -2
- /l;gd) w19 /0‘ Pl Rt (0 — 1) “pdsedy

—1)! o0 1 o1 Hr/(@=1)
_ Kl )_ 5 / (1+ 0167) I+ ege

( 1L, 1 ) 71 Jlog®, wI-1/®,. vy r/e-yr
Q'f‘?" Qrs

7 = v, we obtain v = log [¥7 " (v — 1)] and dv = g=r€"dy. Thus, we

Setting 1 +

have

1
vt

e 1 —=57 oo 1
/ (1 + 0_1&) dy = / ————dv.
log®, Wo~1/®, Wy 140, /0, Vo1 (U — 1)

rS—T

Setting v = 1/t, we obtain

& 1 0)
/ R—dt:B{ — | " a0:|'
1o, /0, vo-1 (v—1) P, .+, 0—-1

As a result, we have (29).

(11) {i[r,N *Per N

Using Appendix B, the product of the ex-ante probability of successful entry for N firms
producing in region r and aggregate productivity level of N-firms in region r is expressed

as

~ Pr2 Pri 4 4 K 5 0 era(¥) 1 4 K K
Uy n-per,N :[Pr /1 Y Pt g0;~e+1d‘pd¢+/r2/l Y Pl SanrldSOdd)'

The first term is calculated as follows:

/wﬂ/ P77 1wn+1 7 dedy

(6—k—-1)/(c—1)qyo—Kr—1 o
— (I)(a k—1)/(c—1) grs gr — P 0711 + \Ija—m—l
e NS

Setting v = log? ! & /(D = 4 and » = loge” ' < /(1) = ¢ the second
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term is calculated as follows:

oo 907‘2(170) /i K
o—1,10—1
/ / P e mdsodw
r2

— /12(0'—]_) / / ,TS O' K— 1¢a K— 1d%d’7
log®, Wo—1/®

_ 1\ (o1 * RN
B I T L
k—o+1 o log &, . WI~1/®, vy

52 @ngg 1\ (6—=k=1)/(c—1)
(0 — Kk —1)° ( L) ) '

+

rr

We calculate

o ] (0—r—1)/(o—1)
/ (1 + — e'y) d~.
log @, W7~ /2,, vy

¢” = v, we obtain v = log [¥7~! (v — 1)] and dv =

Setting 1 + e’d~y. Thus, we

1
2371 \I’G 1

have:

%s) 1 (0—k=1)/(c~1) 00 1
/ (1 + —= e”) dy = / p@=r /=D (g — 1) dw
log @,,¥7"/2,, v, 14®,,/2,,

Setting v = 1/t yields

k—(oc—1)

0.
c—1

[ e o= 5 [@w/@w te,),

1+QT‘S/QT‘T

As a result, we obtain (30).

C.2 Offline firms

(1) pernF

Using Appendix B, the ex-ante probability of successful entry for F-firms producing and

selling in region r is expressed as follows:

Perrr = /@U o /1/(a D w;ﬁ»l K1 ¢d¢+/a_ / PRl prtl dyde

0'71
_'_/ /‘q)'rr /27« K K w
o o K+1 /4—4—1 QD
e " Vy ol Jouw) Y
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The first and second terms are calculated as follows:

/I,a 1/\1, /1/(cr 1>/ ¢H+1 k+1 77Dd(p—i_/;,r ¢m+1 Kk+1 w

n/ o—1)
o7 cI>,i; o

Setting v = log 7! < /@Y =) and » = logp? ! & /(1) = . we calculate

the last term of pe,, r as follows:

1

00 o5 /v
- T KR K
depdy
/<I>ié("‘”\lf,./<bi4(”‘” /m(w Pt Rt
D —5/(0=1) /g o1 —+/(c-1)
) ()

. 1 1 w/(o—1) 0 1 —k/(0—1)
—1)" —+ — 1 v d~.
+(U ) " <er - grs) A)g@ o 1/<I> ( * gg_l ‘ ) 7

TS—=—T

As shown in Appendix C.1(i), we obtain

00 —r/(c—1)
1 D, K
1+ e’ d B ,0].
/bgcp v, ( pot ) e [q) ‘I"D lo—1 |

TS—=—T T

Thus, we obtain (31).

(11) (irr * Perr F

Using Appendix B, the product of the ex-ante probability of successful entry for F-firms
producing and selling in region r and aggregate productivity and quality level of F-firms

producing and selling in region r is expressed as follows:

27T

(I)'r'r rr, 01 o—1 d o—1,0-1 — dud
Perr.F = /q,gl/qj /1/<0 1)/30 v ¢m+1 v ¢SO+/U/ ¥ 1/)”“ rdvdy

1

o0 AL K
+ / / @ Lyt dpdap.
e s S () W”H e
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The first and second terms of E%T - pe, p are calculated as follows:

271
(7 1,,0—1 o—1,0-—1
/q)o 1/\11 /1/(0 1) w ¢H+1 H+1 wdgp+/a / 1/J /¢K+1 rk+1 dwdgp
o—Kk—1
— (Pf(n o+1)/(c—1) 10 \IJ + ¢'rra I
/Q_U‘l‘l_w 8= (/{—0+1)

Setting v = log ! < /(@Y =4 and 2 = logp? ! & /(1) = . we calculate

the last term of :ISW - perr r as follows:

1

oo D5 /¥,
cr 1, /0-1
(0 " dpdy
/<I>ié(“>\14/<1>#("” /mw) 1/’”“ o

00 log(<I> /\I/U 1)
— /12(0 o 1)2/ / c’y+ . @Uﬁ”ingiﬁiszOd%d’}/
1 1 =T

og gnggfl/g’”‘ og 1
gr'r Drs
2 o—Kk—1
— _K—2@ng
(0 —k—1)
r—o+1 o—k—1
K2o—-1)"1 /1 1 F oo 1 o1
A (I 14 e’ d.
k—o+1 <QT7‘ 9’/‘8) \A)gfbm\llg Ve, ( ngl ) !

As shown in Appendix C.1(ii), we obtain

00 1 (6—K=1)/(0—1) o _ —1
/ (1 + — e”) dy=B { = | rolo ),O} :
IOgQTSEZ”/QM v @r’r + @rs o—1

Consequently, we obtain (32).

C.3 Exporting offline firms

(1) pers,F

Using Appendix B, the ex-ante probability of successful entry for F-firms producing in

region r and selling in region s is expressed as follows:

¢7‘2 &9] 5 K o0 o0 K K
Pers,F = / / - H—dSOd@b + / / - R—d(pdlﬂ
1 Jalemn py Yt et va Jora(y) YT
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The first term of pe,, r is calculated as follows:

o oDy
/ /1/(0 Y1y wn+1 Rl dep ¢_¢n/01 08 @714( 1) -

Setting v = log ! < /(@D =4 and 2 = logp? ! & /(1) = . we calculate

the last term of pe,s r as follows:

dipdep
/7‘;[)7‘2 /<’;7‘2(’¢}) wﬂ"'_l SDH—FI

B 5 [ K K
= = /1 o _wol/@ /1 ew wrT Pt w1 Vpdedy
og®, W7 /d,, Jlog - —

=rr =rs

. 1 1 \F/ @1 poo 1 —k/(o—1)
= —1)7h | —+ — 1+ e’ dy.
(U ) (QT’I‘ @rs) Ag@rs\llgl/tbrr ( ig_l ) 7

As shown in Appendix C.1(i), we obtain

00 —k/(0—1)
1 0} K
1+ e’ dy = B[—————, ,0].
// ( v ) =8 e o1

Thus, we obtain (33).

(ii) CETS s PErs,F

Using Appendix B, the product of the ex-ante probability of successful entry for F-firms
producing in region r and selling in region s and aggregate productivity and quality level

of F-firms producing in region r and selling in region s is expressed as follows:

&) /‘Tl}rz /OO aflwﬂfl K K d dw_i_/oo /oo aflwofl K K d d’w
rs'Plrs, F = % P " 2 2 P “ % .
1 Jal ey PRt ot v2 Jpra() Pt prd

The first term of (T)rs - pers.p is calculated as follows:

" 1ot lo—r-D/(e-1) jop Tt Y
/ /l/o 1) Y wﬁ—i-l K1 dpdip = ——— H_g_|_1—’”s log Pl/le=1) -

Setting v = log 7! < /@Y =) and » = logp?~! & /(1) = ¢ we calculate
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the last term of (TDTS - pers r as follows:

/ / cr K— Qwa K— 2d<pd1/1
1/17‘2 (PTZ

— (0__1) 2 / / 1 1('00' K— Qwo K— 2w(pd%d,y
log®, WI— 1/<I>' log \Il T
q)r'r Dy
(O’ _ 1)—1 ) 1 1 (k—o+1)/(0—1) /OO 1 (0—=k=1)/(c~1)
—K _— 4 — 1+ e dry.
k—o+1 e, 2. log @, WI~1/® vt !

As shown in Appendix C.1(ii), we obtain

oo (o—k=1)/(c—1)
1 o —(c—1
/ (1 + O,_le”’) dvy=hB { = il G ),O} :

log ®, W71/ Wy Q.+, o—1

TS—=—T

Thus, we obtain (34).

C.1 Part of E¢p

Using Appendix B, we obtain the part of E¢p as follows:

2 Pr 00 r2(¥)
fw f wg(¥)g(e) d90d¢+fw2f¢ ! (V) g(p)dpdy)

Plr, dypdp = 2 r1 2
/ /AN,T " f 2 f 7 o)dpdy + f f : (w )9(p)dipdy)

,[:l}'f‘ T e w K
LQ ® 1¢w+l H1d<,pd@/1_|_f¢ w 2( )SOWH

per,N

We calculate

Pr2 Pri 5 K oo SOT‘Q(Qp) K K
[I’T /1 S0¢.&ch1 Sperl ngd@b + /T2 /1 SOwlwrl (Pn+1 ngd@b

The first term is calculated as

1/)7‘2 Pri1 5 5 5
dody =
AT /1 QP pdip = —
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Setting v = log ¢~ < /(1) = 4 and 2 = log "' < /(1) = ¢ we calculate the

last term as follows:

oo <Pr2('¢)) K K
/ 2 /1 P wﬂd@dﬂb
T %Jr 1

o—1

log —/——"4—
3.3 K K _9
= St g e (0 — 1) ipdsedy
Ag%w:’*/@w/o Pt prtl

k+1

k—1 —
Lo—1D /11 vfl/oo N U
— RS = id
R (9rr " D, log®, w7 1/®, \€ " vt ‘ !

- o go-1y /@D -
_—ﬁ+1< @ )

=rr

Setting 1+ g5or = v yields 1+ g5 = v &y =log [(v — 1) ¥ '] and dv = U evdy.

Thus, we have

[e’e] e'}’ o—1 o0 —K __o
/ (1 + ?> e*ﬁdy = Ef/ v e (v—1)""Tdov.
log ®,, 971/, vy 149,,/®,,

Setting v = 1/t, we have

oo —Kk+1 o @ K 1
o—1 — 1) e-tdv=RB =TT ’ —
\/1\+q>rs/q>'r7‘ ° (U ) ! |:@T7’ + @7‘5 g — 1 g — 1

Thus, we have (38).
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