3. Quadratic Programming for Constrained Matrix Balancing
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1. Introduction

In this section, we will discuss an optimization-based flexible approach to reconcile row and column
totals of an input-output (IO) table, which entries are filled with data obtained from various sources
and/or inconsistent with each other. To demonstrate calculations, the 2015 Input-Output Tables for
Japan is utilized for example (Ministry of Internal Affairs and Communications, 2019). Table 1
depicts an image of the 10 table, which contains the variables we will use in this study. The original
table is aggregated into three commodities/activities, three value-added items, and three final demand
items. The three production sectors are primary industry, manufacturing, and services, which are
denoted by subscript i or j (S01, S02, S03) in the following discussions. The value-added items
are compensation for employees, operating surplus, and indirect taxes/subsidies on production,
denoted by subscript v (VO01, V02, V03). The three final demand items are consumption plus fixed
capital formation, exports, and tax inclusive imports (deductions), denoted by subscript f (FO01, F02,
F03). The actual IO table is shown in Table 2. Notice that the table includes negative values. The
method we will introduce here is capable of handling negative values without any problems.
Sometimes, sign reversals like the one from negative to positive or positive to negative can also occur
in the estimation process. Of course, such sign reversals can be prevented by placing upper or lower
bounds on endogenous variables. On the other hand, zero values should be fixed to zero and excluded
from the set of endogenous variables.

To artificially recreate the state before the balancing process, all of the value entries on Table
2 are rounded to the nearest ten thousand as shown in Table 3. These values on Table 3 represent raw
data just collected from various sources, and provide initial values of variables that will be estimated
to balance the table. Table 4 shows the percentage deviations of the rounded entries on Table 3 from

the original values on Table 2.
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2. Setting Up Optimization Problems

Let us formulate an objective function to be minimized in a mathematical problem that penalize the
divergence between estimated values of data entries, which will make the table balanced, and the
present entries on Table 3, with which the table is unbalanced, as follows:
* 2 *
() min. 2=2.2, <Xux;fu) 22 (n;—:;) 22y < Lf ZLf)
where
£ 1is the objective variable to be minimized,

Xj; 1s initial values of intermediate demand appeared on Table 3,

*

1s estimated values of intermediate demand,

Y,; is initial values of value-added items appeared on Table 3,

Y;; is estimated values of value-added items,

Z;r 1s initial values of final demand items appeared on Table 3, and

Zj; is estimated values of final demand items.
Note that the objective function (1) equally penalize the deviations regardless of their magnitude, i.e.,
the divergence between 1 and 0.5 has the same importance as the one with 1,000,000 and 500,000.

Then, an alternative version of the objective function can be considered:

@ Xn}rflmz 2=2 ZJle]l( - U) + 20 2% ( . 1-/”]) + 2 2f|21f|< g ZLf) '
ijtvjeif

With this type of objective function, in which the sizes of initial values are chosen as the weights, the
deviations for larger entries are preferentially minimized. In this case, the importance of the
divergence between 1 and 0.5 corresponds to the one with 500,500 and 500,000. In this study, we
will see the differences in the estimation results switching these two types of objective function.! In
the following, we call these objective functions Type (1) and Type (2), respectively.

To balance an 10 table, some sorts of constraints are needed. If we follow the same procedure
as in the case of RAS method, one can introduce the following two constraints with information on
the so-called "control totals" (CTs) handy:

3) XiXjj+ X, Yy = (T,
and
(4) XX +XrZ; =CT,

In the experiments, we use the original values of gross output in Table 2 as CT; and CT;.
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In general, the constraints (3) and (4) are not necessarily necessary to balance an IO table. Even

in a case it is difficult to prepare CTs, a table can still be balanced applying the following constraint:
(5) XiXij+ 2oV =2iXi+ X5 Zjp
Equation (5) is the minimum required constraint to form a matrix balancing problem.

One of the greatest advantages of the optimization-based quadratic programming is its
flexibility. While Equation (5) is the minimum requirement as noted above, one may add any kind of
constraints depending on the availability of data. If the information on gross domestic product (GDP)
at market prices is available, one can consider to introduce a constraint as follows:

(6) X,X;Yy; = GDP.
For another example, one can add a constraint that binds the total value of some final demand items
to a certain amount:

(1) LiZipopr = EXP.
Equation (7) is an example of fixing the value of total exports to a given level. The values of GDP
and EXP are also calculated from the original values on Table 2 for experiments, similar to the case
of CTs.

Eventually, four combinations of constraints with two types of objective function form eight
patterns of optimization problems. Those are summarized in Table 5. The main differences between
four combinations of constraints are whether (6) and (7) are added to the basic constraint(s) or not.
The basic set of constraint(s) is either of the set of (3) and (4) or just (5). In the experiments that
follow, processing is implemented by the General Algebraic Modeling System (GAMS), with which
the optimization problems are formulated in the NLP format and solved by CONOPT4.2 Thus, the
computational program is just straight-forward coding Equations (1), (3), (4), (6), and (7), in the case
of Problem 1D for example, which is solved by declaring "SOLVE <Model Name> MINIMIZING
L) USING NLP." It is not necessary to derive first order conditions (FOCs). GAMS handles an
optimization problem as optimization problem when NLP formulation is applied, and directly solves

it.
3. Results of Data Processing in NLP Format

Tables 6 through 13 correspond to the results of computation with eight patterns of Cases 1A through
2D. As noted, these are the results with NLP formulations solved by CONOPT4. In every set of tables,
the one on the top shows the estimated values, which satisfy the designated constraints, the one in the
middle captures the percentage deviations from the original values on Table 2, and the one at the

bottom indicates how much the estimated values come closer to the original values by processing.
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For instance, the positive/negative values in the table at the bottom implies that the deviations are
getting smaller/greater compared to those of initial values appeared on Table 4.

At a first glance, one may notice that there might be a tendency to try to limit the number of
entries, which are changed from their initial values, when Type (1) objective is applied (Tables 6
through 9). If CTs are not used, the number of adjusted entries are limited to two and five respectively
out of 27 in Cases 1B and 1C (Tables 7 and 8). In fact, this tendency does not change even if other
solvers such as CONOPT and MINOS are used for computation. On the other hand, the patterns of
estimations (which entries are changed) are completely different among solvers (it can be confirmed
later with Tables 16 and 17). This fact strongly suggests that the obtained solution might not be unique
with Type (1) objective.

If we compare the results from Cases 1B through 1D (Tables 7 through 9), it can be said that
the availability of additional information may not contribute to improve the accuracy of estimation,
because more entries move away from their original (target) values on Table 2. Comparing Case 1A
with 1B, it still is ambiguous whether additional information helps to improve the estimation accuracy,
as the number of entries moving away from the original values also increases when those approaching
the target increase.

Let us move to the cases with Type (2) objective (Tables 10 through 13). In these cases, the
non-uniqueness of obtained solutions seems to have been resolved. All of the solvers, CONOPTA4,
CONOPT, and MINOS, provide identical solutions in each case. While the diagonal entries of
intermediate transactions (X;;) still keep sticking to their initial values (X;;) when CTs are not
available (Cases 2B and 2C, Tables 11 and 12), almost all of the entries are evenly adjusted through
the reconciliation process.

The contribution of additional information to estimation accuracy is yet ambiguous.
While the introduction of CTs seems to be contributing in Cases 2A and 2B (Tables 10 and 11),
introducing the constraints related to GDP and total exports does not (Cases 2B and 2C, Tables 11
and 12) or worsens the result (Cases 2A and 2D, Tables 10 and 13).

4. Results of Data Processing in Various Formats
Instead of handling the minimization problem in the NLP format, there are several other approaches.
One is to formulate the balancing program as a system of simultaneous equations, which consists of

a full set of FOCs for an optimum. Taking Case 1D as an example, let us demonstrate this procedure.

The optimization problem 1D is expressed as follows:
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(3) st i X+, Y,; = CT;, Lo
4) XX +XZj = (T, L Bi

(6) 2w Yy = GDP, ly

(7) 2iZipoz = EXP, L6

where a;, B;, ¥,and § are Lagrange multipliers. The perpendicular symbol " L" shows counterpart
relationships between constraints and endogenous variables. Forming a Lagrangian and partially

differentiating it with respect to X;;, Yy;,and Zj;, respectively, we obtain the following three FOCs:

Xl Xi *

®) e+ =1 LX)

( ) ij 2 a] 2 y - b ‘Uj
and

ﬁ Zif o Zi'Foz' o _ *

(10) L+tp+220 =1, 175

Note that the third item in the left-hand side of Equation (10) enters only in the case when f = "F02".
Coding seven equations, (3), (4), and (6) through (10), all is set. It can be solved by GAMS
declaring "SOLVE <Model Name> USING CNS," or by another application that can handle system
of simultaneous equations. Notice that there is no non-linear constraints included in this system. It
implies that this system of equations can be expressed in a matrix form as an alternative approach:
(11) PE=0

where

1 X
@ isthe 35 x 35 square matrix that contains coefficients such as — and —Z,
ij

Z is the column vector that contains 35 endogenous variables, X;; 1 Y, 15 Zlf, aj, Pi, v, and &,

and

O is the column vector that contains eight exogenous variables, CT CT;, GDP, and EXP, as
well as 27 "1"s that enter the right-hand side of Equations (8) through (10).
Then, this system of equations can be solved multiplying the inverse of matrix @ from the left in
both hands of (11):
E=0710. (12)

This time, we utilized Microsoft Excel to obtain the solution.
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Table 14 shows the result of computation with GAMS/CONOPT4 in CNS format. Note that
the results obtained with other solvers such as CONOPT and MINOS are perfectly identical with
those with CONOPT4, unlike the previously seen cases in NLP format (Tables 16 and 17 for
reference). In addition, the result provided by Microsoft Excel, which is captured by Table 15, also
is identical to the estimated values on Table 14. These facts suggest that solving a system of
simultaneous equations composed of FOCs may yield more reliable solution compared to handling
the balancing program in NLP format with GAMS. Meanwhile, reliable solutions do not necessarily
provide better estimates.

Finally, let us recall Case 1D in NLP format (Table 9, calculated with CONOPT4) and compare
it with the similar results obtained by different solvers, CONOPT and MINOS (Tables 16 and 17).
As mentioned before, these three results completely differ. These are also different from the values
shown in Tables 14 and 15, which are estimated by solving a system of equations. What is the cause
of the difference in the estimations obtained? Since it has not yet been identified at this moment,

further research is needed.

Concluding Remarks

Using the penalty function that equally evaluate the deviations from the initial values regardless of
their magnitude as the objective, we may accidentally encounter one of non-unique solutions. In this
case, switching the solver would lead us to a deeper rabbit hole or open a worm can. There is no
definitive criterion for deciding which estimate to adopt.

To tackle this problem, there seem to be two solutions: (a) define the penalty function that
evaluate the deviations from the initial values with certain weights, and/or (b) formulate the program
as a system of simultaneous equations that consists of FOCs, instead of formulating it in the NLP
format with GAMS. In these approaches, almost all of the obtained estimates would converge to the
same level, regardless of the choice of a solver.

On the other hand, those unique solutions may not necessarily provide good estimates, from
the viewpoint of reproducibility of the original data. Furthermore, rich availability of additional
information does not necessarily lead to better results, in terms of improving the accuracy of the
estimates. However, the present study only covered a limited number of situations, so that the results

obtained here cannot be generalized. Thus, further research is needed.
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