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A Unified Framework of Trade in Value Added: Physical,
Monetary, Exchange Rates, and GHG Emissions*

Asao ANDOand Bo MENGH#
February 22, 2016

Abstract

Koopman et al. (2014) developed a method to consistently decompose gross exports
in value-added terms that accommodate infinite repercussions of international and inter-
sector transactions. This provides a better understanding of trade in value added in global
value chains than does the conventional gross exports method, which is affected by double-
counting problems. However, the new framework is based on monetary input—output (I0O)
tables and cannot distinguish prices from quantities; thus, it is unable to consider finan-
cial adjustments through the exchange market. In this paper, we propose a framework
based on a physical IO system, characterized by its linear programming equivalent that
can clarify the various complexities relevant to the existing indicators and is proved to
be consistent with Koopman’s results when the physical decompositions are evaluated
in monetary terms. While international monetary tables are typically described in cur-
rent U.S. dollars, the physical framework can elucidate the impact of price adjustments
through the exchange market. An iterative procedure to calculate the exchange rates is
proposed, and some numerical exercises with hypothetical data are conducted to demon-
strate the significance of local wages and capital flows, which are exogenous to the IO
system. The physical framework is also convenient for considering indicators associated
with greenhouse gas (GHG) emissions.

1 Introduction

The rise of global value chains (GVCs) during the last two decades has significantly changed
the nature and structure of international trade, with many new implications for policymaking
(Baldwin and Robert-Nicoud, 2014; Timmer et al., 2013). One of the most important features
of GVCs is the transition of the trade pattern from “trade in goods” to “trade in tasks” (see
Grossman and Rossi-Hansberg, 2008) in global production networks. This phenomenon has
also been described as “the second great unbundling” (see Baldwin, 2012). The theoretical
background is that the reduction of communication costs due to the I'T revolution has enabled
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the international unbundling of factories and offices, which means that tasks can also be traded
globally. In other words, countries no longer have to build or host the entire production chain;
through the fragmentation of production, they can develop or attract productive capacity in a
link of the chain where their comparative advantages fit the best. As a result, more and more
intermediate goods, such as parts and components, are produced in sequential substages in
different countries and then exported to other countries for use in further production. This, in
turn, has significantly increased the complexity and sophistication of international production
networks, bringing many new challenges in terms of how to better understand the creation,
transfer and distribution of value added, income and job opportunities in GVCs.

Policy-makers require well-conceptualized indicators that can reveal the degree and nature
of the interaction of their country with its major economic partners, the degree of GVC partic-
ipation, and the location of their country in GVCs (see OECD-WTO-UNCTAD, 2013). Along
these lines, many new indictors and measures based on input—output (IO) data have been pro-
posed. Hummels et al. (2001) used the “import content of exports” indicator to measure a
country’s participation level in vertically specialized trade. Johnson and Noguera (2012) pro-
posed the “trade in value added” (TiVA) indictor to measure how a country’s value added is
directly and indirectly absorbed by other countries’ final demands through GVCs. Antras et al.
(2012) developed the concept of “distance,” which is the number of stages that a product goes
through before reaching the final demand, to measure the position of a country or industry in
GVCs. Timmer et al. (2013) presented a new indicator for measuring the level of fragmen-
tation of production. Koopman et al. (2014) developed a method to consistently decompose
gross exports in value added terms, which provides a better understanding of value-added trade
in GVCs as compared to the conventional gross exports, which is affected by double-counting
problems. Wang et al. (2014) further extended the work of Koopman et al. to consistently
measure value-added trade at bilateral and industrial levels.

However, the above efforts in developing the measurement of GVCs are all based on monetary
IO tables, which cannot distinguish prices from quantities and are thus unable to consider
financial adjustments through the exchange market. In this paper, we propose a more general
framework based on a physical IO system to clarify the various complexities relevant to the
existing 10-based GVCs indicators. Since the international monetary IO tables are generally
described in current U.S. dollars, the physical framework can elucidate the impact of price
adjustments through the exchange market. An iterative procedure to calculate the exchange
rates is also proposed, and some numerical exercises with hypothetical data are conducted to
demonstrate the significance of local wages and capital flows, which are exogenous to the 10
system. The physical framework proposed is also convenient for considering the indicators
associated with greenhouse gas (GHG) emissions.

In the following, after reviewing the linear programming problem of the one-country physical
IO system, the problem for a world comprising two countries is formulated. With the physical
system, it is easy to calculate the contributions of individual sectors and countries to each
commodity price after considering the infinite number of repercussions of intermediate trade.
Once such contributions are evaluated, it is easy to decompose the GDP of each country, which
is the sum of values added. In section 4, the system is generalized to include n sectors and m
countries. In section 5, the correspondence between physical and monetary systems is discussed
to show that our results are essentially the same as the ones of Koopman et al. Returning to the
physical system, the iterative process to endogenize the exchange rates is discussed in section 6.
However, it presupposes the existence of outside systems to determine wage levels and capital



flows, such as the labor and international financial markets. Greenhouse gases can also be
incorporated in the commodities traded. A similar approach can then be used to determine
who is ultimately responsible for emissions after taking into account all repercussions, which is
the subject to be discussed in sections 7 and 8.

2 One-country physical table

The linear programming problem proposed by Dorfman et al. (1958) is convenient to formalize
the physical 10 system, and it might be beneficial to review the single country case as a starting
point. The problem is to find the output schedule x that minimizes the labor cost needed to
satisfy the final demand requirement y:

min{waoz|(I — A)z >y, > 0}, (1)

where w, ag, and A, respectively, are the prevailing wage, labor (value added) input coefficient
vector, and input coefficient matrix.

The Lagrangian function for the problem can be written using a row vector of multipliers p
as

L =wapx +p(y — (I — A)z). (2)
Then one of the first-order conditions is
oL

where p can be interpreted as the price vector.
When p is positive, then the usual output equation is obtained as the optimal solution, viz.,
x = (I — A)~'y. Conversely, when the output vector z is positive, the row vector of commodity
prices can be determined:
p=wag(l — A7, (4)

which is positive when the wage is positive, the labor inputs are non-negative but non-zero,
and the Leontief inverse is positive definite.
Equation (4) can be decomposed as the sum of an infinite geometric series,

p = wag + wagA + wagA* + wagA* + - - -.

The first term represents the direct labor cost included in the product price while the second
term represents the first-round repercussion as intermediate inputs to another commodity, and
so forth.

When b;; denotes the (i, j) element of the Leontief inverse, the price of commodity i can be
written as a weighted sum of the labor costs in all the sectors: p; = w>>; ag;bj;. Then the
portion of the price of commodity ¢ attributable to commodity j as an intermediate input can
be calculated as
waojbj,-

Di

(5)

Cji =



3 Two-country physical table

A similar analysis applies to the case when commodity price composition in terms of origins of
intermediate inputs is considered. In this case, country 1’s problem is to minimize the costs of
labor and imported intermediate inputs required to produce the domestic outputs,

miln{(wla(l) —I—p2A21)x1]([ . All)xl _ A12£L'2 > yll —|—y12,a:1 > 0}7 (6)
and the problem of country 2 would be
mgn{<w2a8 +p1A12)x2] _ A21$1 + ([ _ A22)£L‘2 > y21 +y22’$2 > 0}’ (6/)

where the superscripts 1 and 2 indicate the respective countries, y"® represents the amounts of
country r’s products consumed as the final demand in country s, and A" denotes the submatrix
of interregional input coefficient matrix. Each country regards the price of imports p° as well
as the domestic wage w" as being exogenous.

As each country regards the outputs of the other country as being exogenous, the problem
can be described as a Nash problem, and z! and 22 at the equilibrium are determined by solving
(6) and (6’) simultaneously. The same output schedule can be obtained from the world problem
combining both countries.

ming: ;2 wla(l)xl + wQa(Q)xQ,

st (T— ANzt — 41252 > 114 12,
AP (T = AP > P 4y
' >0, and 2*>0, (7)

and the Lagrangian function for the problem can be written with the multipliers p! and p? for
the respective countries:

I = wlaéx1+w2a3x2+p1(yn+yl2—(I—An)xl+A12x2)+p2(y21+y22—l—Alel—(I—A22)x2). (8)

Two of the first-order conditions are

gjl — wlal — pi(I — AM) 4 pPA% >0
8L 2 2 1 412 2 22
5z = Watp AT —p(I-A%) 20 (9)

If the output vectors are positive, then the price vectors can be found in matrix form:
J— Al g2 -1 Bl B2
(pl p2) = (wlatl) w2a§) < A2 ] _ A2 ) = (wla(l) w2a3) B2 p22 (10)

Denoting the transaction between sectors 7 and j in the submatrix B™ by b;7, the price of
commodity ¢ produced in country 1 can be decomposed as

pi =w' Y agbi +w?d ag bl (11)
J J



Then, in the two-country framework, the portion of the prices of country 1’s product that is
attributed to value added originating in countries 1 and 2 can easily be calculated:

w' Y ag;bi

21
w? Y, ag;b3}
= ——2 9% and c?lz—].

i
pi pi

Note that these expressions can directly be extended to the multi-country case. Since the values
added can be attributed to each industry in each region, the portions of commodity ¢’s price
produced in country s that is attributable to industry j in country r, and their aggregation by
the originating country can be written, respectively, as

w"ah b3 w" E ag brs
0, 07
C;f = 7; I and C;s = 7] (12)

4 Decomposition of GDPs

By definition, the GDP of country 1 is given by

Yl — plyll +p2y21 +p( A12 2) p2( 21 A21I1>

D OCIUARSUARD S LR Wip S 1} (13)

where the first line represents the final demand for the domestic product p'y*! plus the exports
minus the imports. The exports and imports include both final and intermediate demands, and
are evaluated using the prices of their origin. Likewise the GDP of country 2 can be written as

Y2 — p2y22 +p1y12 +p ( 21 A21 1) . 1( 12 A12l’2)

S o+ Yae)) - Sl el

By using the portions ¢/* defined in (12), these GDPs can be decomposed into the contri-
butions of the respective countries, taking into account all the repercussions of intermediate
transactions. That is, Y = Y + Y21 and Y2 = Y22 4 Y2 where Y represents the part of
country s’s GDP that is eventually attributable to country r.

vt = Zc“pi ity Zaif ;) Z & )p; Zaf} zj,

v — chlpzl (Yl + ! +Zaz1]2 jz Zcu 22%2]1 ]17

v®2 = Zc”pf iyt - Za?f ;) Z ;' )p; Zaif 0

yi2 — Zcupg (y22 + 42 + ZaZQ; j1 2021 1 2%1]2 ? (14)
The second terms in the right hand sides of the above represent the imports. In the case of Y11,

only the share ¢?? is subtracted because the remainder, c'?, is the portion of prices attributable
to the economy of country 1, which does not need to be subtracted. Likewise, the second term



of Y2 subtracts country 1’s contribution from the imports from country 2, since that part must
be attributed to country 1 rather than country 2.!

Suppose there are 7,7 = 1,...,n commodities and r,s = 1,...,m countries, and that p°
denotes the (1 x n) vector of FOB prices in country s. Further, introduce a diagonal ma-
trix C™ comprising {c}°,...,c*} obtained in (12). Then the general formulae of the GDP
decompositions can be written as

Yss — scss Zysr + ZAST‘ r Zp Csr Ars s
r#s r#s

YyTs = SCT’S Zysr +ZA57‘ T _prCSTArsxs’ (’I" 7& S). (15)
r#s

It is difficult to describe (15) in a simple matrix expression. For example, when there are three
countries, the representation below provides one such expression.

Yll Y12 Y13
( Y21 Y22 Y23 )

Y31 Y32 YSB

cll o1z (13 ZT ylr + Zr;ﬂ Al T 0 0
— PO 021 022 023 0 ZT y2r +Zr7€2 A2rxr 0
CSl 032 033 0 0 ZT y3r + Zr;ﬁ{i A3Tx7‘
0 p2(I—C'2) p3(I—C) 0 00 plo?t o 0 0 A2z2 0
~ o pom 0 Azb 0 0] - (pI-0M) 0 pPPa-Cc®)|lo 0 0
0 0 p3C13 A3zl 0 0 0 0 pio® 0 A%2z2 0
plCst 0 0 0 0 Al3g3
- 0 p2C32 0 0 A28 |, (16)
pHI—C3Y) p2(I—C%) 0 00 0
pt 0 0
where PY denotes the (3 x 3n) matrix of price vectors, viz., PP = [ 0 p* 0
0o 0 p?
Using the commodity-based coefficients 77 in (12), the decomposition (15) may be rewritten

at the commodity level as

Vi o= e (v +Zzasﬁx’3 =Y (- Za 7%,
T

r#s j’ r#£s
VIS = pidy Zy + ZZ@ST W) = Dpici Zars,acs, (r #s), (17)
v r#s 77

where Y;i* is the part of the income of country s arising from producing commodity ¢ that is
eventually attributable to sector 7 in country 7.
5 The monetary representation

Koopman et al. (2014) demonstrated a similar measure that evaluates the value added at-
tributable to each country after all the repercussions of trade. Since their results are derived

Tt can readily be seen Y1 = Y + V2L since ¢!t + ¢?! = 1 and ¢?? + ¢!? = 1 by definition.
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from the monetary table, it is important to confirm that our results are consistent with theirs
when our formulas are transformed into monetary terms.
The relationship between the physical and monetary inter-regional input coefficients, a;; and
a;7, can be established:
ro _ Vil _ Pi
TomXy oY

(18)

Similarly, with the physical primary input L3, the relationship for the value-added input coef-
ficients, ag; and ag;, results in
w® L} w?®
Ay = ——2 = —ag;. (19)
Yoy Y

For simplicity, let us consider a two-country, two-commodity monetary table as shown in
Table 1. By using the physical and monetary input coefficients, the output equation for the
first line of the table can be written as

X! = pranXi +prapXs +piai X7+ plap X + oy + oy
= pianXi +panXs +piogi XY + prai X3 + i’ +piy”
= anXj +opX, + X7 +apXy i 7 = X,
where X[ = p; X[ and y]° = ply!® represent the monetary values of X and y]°, respectively.

Table 1: Framework for a two-country, two-commodity monetary table.

Country 1 Country 2 Final demand
Country 1| plaj] PiT1s el piwgy | pivit Py’
P31 P3T3 P33t PaT3s | Poys’ + pays’
Country 2 | piai] piats piatt piaty | piyit + piyi
P35 P33 P33t p3asy | Pyt + pays

Values added wla(l)lel wlaéQX% w2a%1X12 w2a(2)2X22

Denoting the 4 x 4 matrix of inter-regional monetary input coefficients by A, the system of
output equations in the above table can be summarized as

AX +9 =X, (20)

where X and y are the column vectors of monetary outputs and final demands, respectively. To
clarify the relationship between monetary and physical expressions, it is necessary to establish
the relationship between Leontief inverse matrices in monetary and physical terms. In the
two-country and two-commodity setting, the monetary inverse can be transformed as follows:

-1
i Bl Bt bBis l—ajf —opp - —ais
51 a51  a20 a0 T - L
21 22 21 21 —a] —Q) -y 1 — ooy



-1

— ora11 a2 —?an 2012
Py 11 P 11 P 12 P3 12
21 T pid22 T RAg) 2022
— i 2 12
p1 21 Py 21 Py 22 p; 22
—,rail —Lr012 — 0T T EaT3
5 11 22
_P3 21 P32 _Pg 22 _ P22
pl 21 pl @22 p2 21 2021
10 0 0 \\ "
pi 0 0 0 l—ajf —app  —aii  —ap p
_ 0 p3 0 0 —ay; l—ayp —ay  —ag 0 71 00
0 0 p7 0 —a?t  —a?l 1-a¥  —a? 0 0 ; 0
2 21 21 22 22 1
0 0 0 p3 —asy —a33 —a3; 1 —a3 0O 0 O :r%
2
bit bl bit b3
] | pe1 by by byt D33 1
= (P(I—A)P ) :P(I—A) P~ =P p2l p2l 22 22 P, (21)
11 Y12 011 019

where P denotes the 2 x 2 diagonal matrix of prices.
Reciprocally, the physical inverse matrix B can also be written in terms of monetary inverse
matrix B:2

B=(I—-A"'=pPYI-A"'P=P'BP (21)
Accordingly, the expressions in (12) can easily be rewritten using monetary coefficients:
Ts_wra(r)jb;f _ﬂ(ﬁ) r (gf) TS __ T Qrs d rs_z r Qrs (22)
i ST g Qo; o ji — Qi And 6o = ; QojPji -

Then the GDP decompositions may be calculated by plugging these coefficients into (17).

While Koopman et al. (2014) illustrates the case with single commodity, their approach can
easily be extended to the case with multiple commodities. The domestic value-added coefficient
v; for sector j corresponds to ag; in our notation. Recalling that an element of the monetary
Leontief inverse is denoted by f;7, their country shares of values added are calculated for the
two commodity case as follows:

vp 00 0 n P P b apfii apbiz bt anbis
0 v, 0 0 st O B O | | oBat opln 0Byt anfn | o
0 0 of 0 0P P BE || e agBh egiBit anfi
0 0 0 v 0 Bn P65 sl gl afst gl

Let pj denote the dual variable for the monetary system. Then by definition, it will be unity,

and is calculated as follows:
]3; = ZZ&& ;‘9 =1.

Hence, the column sums of (23) must be equal to one, and each element represents the share
of the value added eventually attributable to the relevant sector and country.

2Considering that X = PX and 9 = Py, the monetary output equation (20) can be written as
P(I—-A)™'P'Py=PI—-A)"'y=PX.

By pre-multiplying P!, this becomes equivalent to its physical counterpart.



6 Exchange rate

Returning to the physical system, it is possible to calculate the effective exchange rate from the
balance of payments. If there are m countries, one currency must be regarded as the numéraire,
and other currencies are valued relative to it. In the two country case, it is reasonable to regard
the currency of country 1 as the numéraire, and let 1 denote the exchange rate for country 2.
Then the price equations for each country can be written as

plAll 4 MPQAQI + wla(l] — pl’
P AR+ pp? A%+ pwtag = . (24)

By limiting the number of sectors to 2, for simplicity, the trade balance of country 1 can be
written as
piaiie} + pyaziai + piaisws + pyagas + iy’ + pays”
— p(piafiay + paagey + piajya, + paag,ts +piyi +pays') = 0.
If there is no income transfer or capital flow between the two countries, the exchange rate pu is
determined solely from the above. However, this is unlikely so a net capital flow F' into country
1 is introduced, and the equation is modified to include F:3
praiiei + pyayiai + piajsas + pyaysws + Py’ + pays” + F
— p(piafiay + pagey + piajye, + paanTs +piyi +pays') = 0. (25)
In a world with only two countries, the balance of payments for country 2, where the capital
flow is given by —uF', brings no additional information. Then the exchange rate can directly

be calculated from (25):
_ pragtad + pyasiat + prai3ed + ppayiad + piv’ + payy” + F

2 21,1 2 21,1 2 21,1 2 21,1 2,21 2,21
p1afiTy + Ppaas i + p1ajads + PaasnTs + piyi + Pays

(26)

In the present framework, where the final demands in physical units are given exogenously,
the physical outputs can be determined independent of the price system. Thus the solution to
the problem (7) can readily be found:

ol [ A g2 -1 yll 4 y12

<x2>:< A2l I—A22> <y21+y22>~ (27)
However, monetary variables w" and p] are to be determined through an iterative process. When
wages (w!,w?) are appropriately given, the corresponding price vectors (p',p?) are calculated
by (10). Then, given capital flow F, the initial exchange rate fi?) is determined by (26). While
the wages must be evaluated in the local currency, our initial setup is denominated in the
common currency. Hence, the wage in country 2 must be revised to reflect the provisional
exchange rate p = 19, in step k = 1. Thus

J— A g2 -1 walB wlal B2
(pl p2) = (wlatl) uwzag) ( A2 [ A22 ) = szc%Bm szc(%BQz

3To be exact, the balance of payments is obtained as the sum of trade balance, income transfer, and capital
flows. Here the sum of the latter two is simply called “capital flow”.



When these revised price vectors are plugged into (26), the incremental exchange rate i* is
obtained. Convergence is reached when |i*) — 1| < ¢ is satisfied with sufficiently small € > 0.
Otherwise, the above process must be repeated with the exchange rate yu = ?:0 A% in step
k+1. If the process converged at step ¢, the exchange rate and corresponding country 2’s wage
in the local currency are, respectively, given by

¢
= H 29 and 0% = pw?
k=1

When there are m > 2 countries, m — 1 independent exchange rates are determined. The
balance of payments for country r can then be written as

WY Py O apas+ ) = pt Y p Zafj al oy (28)

i s#ErJ sF#r i

By letting p! = 1, the rest of exchange rates u"(r = 2,...,m) can be found using a similar
iterative process to the one described above. In any case, it must be emphasized that the
exchange rates depend crucially on how the wage levels in individual countries and capital
flows among them are specified.

7 GHG emissions

Consider a world of two countries where GHG emissions are not priced. The output system
can be written in exactly the same way as the constraints in problem (7):

(I_AH)xl_waQ = yll g yt2
—A21;1:1—|—(]—A22):E2 — 22

Let ay be the unit emission vector from production activities, and ej be the same from con-
sumption of final products in country r.# Then the emission in each country is calculated as
follows:®

=agx’ +e,(y +y7) and ¢* =ala’ +el(y” + 7).

Since the Leontief inverse represents the infinite repercussions of inter-sector and international
transactions, it is straightforward to assess the impact of each final demand segment on the
GHG emissions of each country:

1 1 0 1 1 1 11 0 0 12
()= (5 ) () (5 ) (G )+ (2 3) (5
g g g
_ G;BH + 627 CL;BIQ + 6; yll N aéB“ a;Bl2 y12 . (29)
(ISBZI CL?]BZQ y21 (I;BZI + 6!2] CL?]BZQ + 63 y22

4The seminal article by Leontief (1970) considers pollutants from only production sectors. However, GHG
emissions from the final demand sectors cannot be ignored.

When only one gas is being considered, ay becomes a row vector of size n, but the method can easily be
extended to cover k kinds of gas; in that case, ag becomes a k x n matrix. Moreover, the same formulation can
also be applied to water resources. In that case, a and ey are interpreted as the unit water demand associated
with the production process, and with the final demand consumptlon respectively.
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Each country is responsible for the emissions accrued from its final demand. For example,
country 1’s emission ¢g' can be decomposed into two parts, ¢g'* and ¢'2, for which countries 1
and 2, respectively, are responsible.

gl = (a;BH I e;)yn X (aéBw X e;)ym and  ¢'% = a;BHyH I aéBuym.
Likewise, country 2’s emission ¢ can also be decomposed:
i af]BQly” +CL;Bszm and ¢% = (a 2321 Te )y t(a ;BQQ +e§)y22

As with ¢/* in (12), it is possible to define the fraction f"* of gas emissions in country r, for
which country s is responsible, in a multi-country setting as follows:®

Su(aBT 4 )y
apr” +en 3yt

0 0
ag > B"y”
apr” + ey ybr

fT‘T’ — and f’f‘S —

(r# s) (30)

with Y-, f™® = 1 being satisfied by definition. Alternately, the above expressions can be detailed

to the commodity level:

Silag 320 355 bijyi + € ey i g X0 05 by
Z(gz z+6g122y ) Z(gz z+6g122y )

In matrix form, equation (29) can easily be extended to the multi-country case by defining
the following matrices:

M= and [ =

(r#s)  (31)

1 1 1 1

ag 0 0 Bll . Blm eg qg qg

0 a2 --- 0 e? 2L e?

A = 9 B = . . . B = g g g
g — : : . : ) - . T . y g — .. )

m m m m

0 O ag eg €y ey

where A,, B and E, are matrices of sizes m X mn, mn x mn, and m x mn, respectively. Further,

ZEl yll . ylm gl 1

which are a column vector of size mn, a matrix of size mn x m, a column vector of size m, and
the all-one vector of size m, respectively. Then the decomposition of GHG emissions from the
production process can be written as

A, X = A,BY1.

With the operator Diag(e) to extract the diagonal elements of square matrices, the emissions
from final demand consumption can be written as Diag(E,;Y)1. Thus the emission vector G
can be written, in matrix form, as

g = (A,BY + Diag(E,Y))1. (32)

SIn the case of price decomposition, cI* represents the share of product i in country s that comes from
country . When comparing the sums > ¢/®* =1 and ), f™ = 1, the superscripts appear to be reversed as
they represent transfers in opposite directions: TiVA represents backward linkage while emissions respond to
forward linkage.
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The decomposition of GHG emissions over the countries can then be obtained using (30):

9 G, o A O T A S A
m 0 e 0 m

a=| 7 7 g. — g. , . f. f. . f. = diag(g)F.
gmr gm2 ... gmm 0 0 - g™ fml gm2 ... fmm

(33)

8 The problem with GHG abatement

The model in the previous section is open-ended in the sense that it simply calculates the GHG
emissions and clarifies the responsibility of each country without considering environmental re-
strictions. In contrast, when such restrictions and pollution abatement activity are introduced,
it is possible to assess the fair penalty for the GHG emissions discharged into the environment.
In the case of an isolated country with two industrial sectors and an abatement sector, the
environmental restriction is normally given in the form

Ag1T1 + s + AggTy + €Y1 + €2Ys — Ty < g, (34)

where g is the amount of GHG permitted to be discharged into the environment, z, is the
amount of GHG eliminated, and a4 is the GHG emission from the abatement activity. Likewise
the output requirement for industrial sectors can be written using the input requirement for a
unit reduction of GHG, a4, as follows:

T; — Qj1T1 — Qiply — Qigky > Yy (1 =1,2).

Considering the direction of inequalities, a linear programming problem similar to (1) can be
formulated with labor input ag, in the abatement sector:

minxl,xz,xg w(aolxl + apas + aogxg),
s.t. (1 —an)zr — a12r2 — argry > yi,
—a91®1 + (1 — ag)ws — aggry > o,
—g1 %1 — g%y + (1 — agg)Tg > eg1y1 + €g2Y2 — g,
T1, T2,y > 0. (35)

The solution to this problem can be readily obtained:”

-1

T 1—an —ap —ayy Y1
T2 = —as 1 —ax —Aq Yo . (36)
Tg —Qg1 —Qg2 1 - Qgg €911 + €g2Y2 — ¢

" According to the weak-solvability condition, the solution to the Leontief model, z = (I—A) 1y, is guaranteed
non-negative when the Leontief matrix (I — A) is positive definite and y is non-negative (see, e.g., Nikaido, 1968).
In this case, however, such conditions do not necessarily apply since eg1y1 + eg2y2 — g could be negative in an
unrealistic case where the environmental restriction is very loose and there is no need for abatement.
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When A denotes the Lagrangian multiplier assigned to (34), it is interpreted as the unit price
of GHG emission. All the price variables, including A, are obtained from the dual system:

-1
I—an —a12 —Qig
(p1 p2 A)=wl(apr ace aog) | —aa1 1—axn —ay - (37)
—ag1 —ag2 1 —ag

To extend this approach to the problem of a world comprising two countries, the output
equations are formulated for individual countries as follows:

1 11 11,11 1 12 12 12 2
T

ajp  ajp Ay Ty aiy  ayiy Ay ] yit 4yt
LR IR eI ,
n) \aa ot \at) Lo 000 J\az) et s+ e +0) o
R\ (e o e\ (#) (@ @ e\ (@) (e
xy | = | a3i a3y asy || @3 |—| @37 @33 a3) [| 23 | =] v3' + 37
g 0 0 0 )\z ajy aly ag, )\ = o (yi? +yi%) + eda(y5® + 43°) — ¢°

Here transportation of GHG across countries is precluded: i.e., production activity in one
country does not discharge GHG in the other country.®

For the sake of convenience, let A, A12, A2 and A?2, respectively, denote the matrices of
input coefficients in the order that they appeared in the above two equations. Also let u! and
u? denote the column vectors on the right hand sides of the above equations. Moreover, define
the augmented column vector of outputs and row vector of labor inputs as follows:

= (2] x;)' and ag = (ag; agy  ag,)-
Then the world problem with GHG abatement activity can be formulated in matrix form:

ming: z2 w'ayd + wagr
st. (I — ANzt — A25% > o}
— A (T - A3 > 0 (39)
i > 0.

By denoting the row vectors of Lagrange multipliers attached to (38) and (39) as ¢* and ¢,
respectively, the Lagrangian function for the problem can be written as

L =w'aid' +w?ai® + ¢'(u' — (I — AM)3' + A23%) + ¢ (u® + A3 — (1 — A*)7?).

(40)
With non-negativity constraints, the first-order conditions would become
oL N - -
i w'ag — q' (I — A™) + 2 A% >0,
oL _ g + ' A2 — ?(1 - A2) >0 (41)
oz T 1 ="

8Tt must be noted that the combination of traded final demands for GHG is different from that of other
commodities.
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Thus the multipliers are determined as follows:

~ -1
(1 2y — (pb pl AL 2 p2 A2) < (wlak 2~2 I—A%  —AR 19
¢ q)=(p p P1 DPs ) < (wa, wap) _A2 [ j22 : (42)

When the vector (z',7?) is positive, (42) holds with equality. However, this is not necessarily
true with very loose environmental restrictions since GHG emission may become a “free good”
(A" = 0) in that case.

Suppose all the constraints are binding, and B"* denotes an element of the Leontief inverse
in (42). Then the responsibilities for GHG emissions are distributed over the countries in the
same way as in the case without abatement activity.

gll 912 _ (d;‘éll +§;):‘y‘11 + (dé;élz _{_é;)QZI i déBllng +EL;B~IZQ22 (43)
921 922 d§B21g11 + d_tQ]BQngl (63321 + ég)g12 + (agBZQ + ég)gZQ ’

where vectors ag, €;, and §™* are also augmented to include the abatement.

&22(0021 a§2 agg)> 522(621 622 ), and "= (y" y' 0).

By the same token, the values added can also be decomposed:

Yll Y12

y2l y22 =

qlén@n —i—ij —1—12112502) —q2(722[121£1 qlélz(gzl +§22+/~121§cl) _qlémAle,Q
qzc*al(gll +1712 +Al2;ﬁ2) —q26~’12f~12192‘1 q26’22(gj21 +g22+A21531) _qléHAlZij ) (44)

where the diagonal matrix C"* is augmented to include the decomposition of GHG abatement
cost \°.

In this article, we demonstrated that the linear programming equivalent of a physical 10
system can decompose both value added and GHG emissions, down to the level of ultimate
beneficiaries or causes, in a consistent manner. The GHG emissions are likely to be proportional
to the physical amounts produced or consumed rather than their monetary values. For example,
fuel efficiency would better be evaluated by the liters rather than dollars of gasoline burned,
and thus, the use of a physical system seems more appropriate. When GHG abatement activity
is introduced, the price for emission rights can be endogenized. Then the question is how to
determine a fair allocation of emission permits (see Uzawa, 2003). The existence of tradable
emission permits then introduces a new form of income transfer among countries. Besides
when the domestic labor market and international financial market are properly combined, the
physical framework can also endogenize the exchange rates and, by annexing several markets
outside the IO system, the system becomes closer to the spatial computable general equilibrium
(SCGE) model (see, e.g., Ando and Meng, 2014).

Although the physical IO system has several desirable properties, the problem is that (inter-
national) physical tables are not available. Thus one important task is to compile a physical
table from existing monetary tables, and derive some meaningful analytical results. However,
such a task is beyond the scope of this article, and has been left for the future research.
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